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Notation and conventions

Units: Throughout this lecture notes we will (usually) be using natural units, where all constants
of nature are normalized to 1:
c=Gny=kgp=h=1

This makes equations much simpler, and the results are the same once we recover the dimensionality
with the appropriate combination of these constants.

Dimensions: The correspondence states that a conformal field theory in d dimensions is dual to
a gravitational theory in d 4+ 1. We will stick to this convention for each theories dimension.

Metric signature: The metric will have the “mostly plus” signature convention:
sign(g) = (=, +,+,+,...)

This is the standard notation in General Relativity references (with few exceptions), and it is the
exact opposite to most of the particle physics literature. Beware.

Sometimes we will switch to Fuclidean signature by means of a Wick rotation. This will be
clear as we will use ¢ for Lorentzian time, and tg for Euclidean, with ¢t = itg

Indices: Spacetime indices will be denoted by Greek letters u, v, ... while just spatial ones will be
denoted by Latin letters i, j, ....

Einstein sum: Einstein summation convention (same indices up and down are implicitly summed
over) will be used again and again:
Z vw® = vow®
a

The range of the index will be clear from the context, otherwise we will specify it.



Preamble

The goal of this course is to explain the foundations of the recently discovered AdS/CFT duality
or correspondence, which has become a hot topic since its discovery in 1997 by Juan Maldacena.

But what is a duality? In the context of physics, two different theories are said to be dual
when they have the same behaviour, same predictions, etc. Therefore one can use either of them
to perform a calculation, whose result is independent of the choice made. Examples of this are the
electric-magnetic duality (in the absence of sources), or the string dualities (S-duality, T-duality).
The duality we will be interested in during this course relates two very different theories, a bulk
gravitational one (more specifically, an Anti-de Sitter one), and a Quantum Field Theory (more
specifically, a Conformal Field Theory one) which lives in the boundary of the Anti-de Sitter
spacetime. At the level of the partition functions,

Zads = ZCFT (0.1)

with a rather interesting (and useful) feature, namely that when one side of the duality is weakly
coupled, then the other side is strongly coupled.

The original 1997 article (which featured the first known example of the duality, AdS5;/CFTy),
The Large N Limit of Superconformal Field Theories and Supergravity [1], is the most cited paper
in the history of High Energy Physics, having accumulated more than 14000 (the number keeps
increasing) citations; and subsequent papers on the topic by Witten [2] and Gubser, Klebanov,
Polyakov [3] are also following its lead.

The reason behind this success is the vast range of applicability and implications of the corre-
spondence, reaching fields from different areas such as Quantum Gravity, Quantum information,
Condensed Matter Physics, Number Theoryi,...

Although the course intends to be self-contained, for the interested student we refer you to the
book Introduction to the AdS/CFT Correspondence by Horatiu Nastase [4], and specifically for the
chapter 2 (supersymmetry) part we recommend Peter West’s Introduction To Supersymmetry And
Supergravity [5], and Matteo Bertolini’s Lectures on Supersymmetry [6]. At the end of the lecture
notes the reader can also find a list of the main references used throughout the text.

The notes are organized as follows: lectures 1 and 2 will focus on the bulk side of the cor-
respondence, AdS. From the geometry of AdS itself to scalar fields propagating in it, everything
covered will be very general (any dimension). Lectures 3 and 4 will cover Supersymmetry, first an
introduction to the formalism and then some explicit realizations. In the end we will introduce 't
Hooft’s limit, though not being restricted to SUSY, is of great importance there. Lecture 5 will be
devoted to the actual derivation of the correspondence, in a similar way as Maldacena in his famous
paper. The remaining lectures will cover several applications and features of the correspondence,
from explicit tests (lecture 6) to renormalization from the point of view of holography (lecture 7),
and other examples of the correspondence (lecture 8).



Note to the reader: this notes are not a substitution of the lectures and in fact some sections
are not yet finished. Not only that, they will surely contain some mistakes/typos. If you spot them,
please don’t hesitate contacting Gonzalo, Alex or Marcos


mailto:gonzaleras_95@hotmail.com
mailto:a.m.f.belin@uva.nl
mailto:p.m.crichigno@uva.nl

Lecture 1

The geometry of Anti-de Sitter space

Our first step towards understanding the correspondence is General Relativity. This theory of
gravity will define the bulk side of the correspondence. Concretely, we need to understand one
solution to the Einstein’s equations (the core of General Relativity):

Guw +Aguw = 87CT—QGTW; Guw =Ry — %ng, (1.1)
The solution of interest in our case (which is a vaccum solution, i.e. T}, = 0) is called Anti-de
Sitter spacetime, and we will review its most remarkable properties extensively throughout this
first chapter.
A sufficient amount of expertise in basic differential geometry (tensor manipulation, computa-
tion of curvature tensors, etc) will be assumed.

1.1 Anti-de Sitter as an embedding space, and coordinate patches

We all know from General Relativity that the Einstein field equations can be derived from a
variational principle: one can define an action from the gravitational field whose Euler-Lagrange
equations under the extremization of the metric tensor are this equations (1.1). It can be shown
that the correct action is the so-called Einstein-Hilbert one

_ b e =
SEH = 167rG/d zv/—g(R — 2A) (1.2)

We will need this lagrangian formalism later on in the course.

Anti-de Sitter (AdS) space is a solution to the Einstein’s equations in the vacuum with a
negative cosmological constant (A < 0). For a general dimension d + 1, it is convenient to express
this constant in terms of what is called “the AdS radius”, ¢:

d(d—1)
202
But what do we mean when we say AdS “radius”? To make sense of this it is very useful to consider

the following setting: the starting point is a space R*? (with this we basically mean flat space with
a signature including two minus signs instead of just one), whose metric is

A=— (1.3)

d
ds® = —(dX~')? — (dX°)? + ) (dX')? (1.4)
=1



AdS space is understood as a hypersurface embedded in this space, whose equations is
d .
(XX (X =2 (1.5)

=1

This explains why £ is nothing more mysterious than a radius.
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Example (2-sphere embedded in euclidean 3d space): A very good analogy is the
following: Consider R3, with the standard metric

ds® = da?® + dy? + d2*
A 2-sphere can be understood as the hypersurface
22 +y* + 2* = R?

which is embedded in the full 3d space. Here it is trivial to see why R is the radius.

The simplest version of AdS, still representing well its features is AdSs, again parametrized by
the hypersurface
(X_1)2 + (X0)2 _ (X1)2 — [2

This can be drawn as

T2
(where the notation of the picture is R = X!,
T =X"1 T =X
We can see clearly from this image that as well
as with the cylinder, it can be very useful if we
L2 parametrize the hypersurface with angles. Those
will be called Global Coordinates of AdS:
d R X! =/coshpsint
X%  =/coshpcost (1.6)
Xt = (sinhp O’
T :
with ° being the (d — 1) dimensional sphere.

Although it helps visualizing the situation, and it can be very useful in some scenarios, we are
not interested in the whole “embedded-embedding” picture: we want to study spacetimes by their
own glory. For example, when we say that the Universe experienced a de Sitter phase (the same as
Anti-de Sitter but with A > 0) during inflation, we don’t mean that the Universe was embedded
in something else; it was a de Sitter spacetime by its own right.



Therefore, we need to obtain the metric of an embedded hypersurface, which is given by:

oX* oXV

h
9o = Dz 9B I (0

In our case % = (t, p, %), hence we find
dsAqs = 0*(— cosh? pdt? + dp* 4 sinh? pd2_,) (1.8)

This brings a problem that we could have seen from the previous picture: In the hyperboloid there
are closed timelike curves. Causality is not satisfied. In order to fix this we have to “unwrap time”

St —R (1.9)
0 < tog < 27 <= tolq ~ told + 2m — Universal cover of AdS : —oo < ¢ < 00 (1.10)

The result is a coordinate patch called Global AdS.
A slightly different patch, which we will use later and is quite common in the literature, can be
obtained with the transformation r = ¢sinh p; ¢ — t/¢:

1

2 2 -
dsfob = — <22 + 1) dt* + (Z? + 1> dr? +r?dQ5_, (1.11)

1.1.1 Causal structure and Penrose diagrams

Penrose diagrams are conformal compactifications of spacetime, where the causal structure can be
made explicit as in them light rays are always depicted as travelling at 45° degrees, just like in the
spacetime we all know and love, Minkowski space.

Example (Penrose diagram of Minkowski space): The conformal compactification of
flat spacetime looks like this

Ky I However, it can be seen from this pic-
ture that the conformal boundary of
this spacetime is at 45°. This is a null
boundary, and is not good for holog-
raphy: Quantum Field Theory is not
well behaved there. As we will see
later, AdS doesn’t suffer this prob-
lem, its boundary behaves correctly.

We are going to change coordinates once more, to bring the coordinates to a bounded range
(conformal compactification) tanf =p - 0<p<oco=0<0<7/2

2

ds? = (—dt2 + df? + sin® HdQ?l,l) (1.12)

cos2 6



This is nice, because up to conformal transformations, we can strip off the front factor (it doesn’t

affect the causal structure).
We are left then with the metric of a sphere, although only covering the upper half, due to the

range of 6.
ds® — —dt* +df* +sin?0dQ%_;, 0<6<7/2 (1.13)

Time

Conformal

Time x S
compactification

Figure 1.1: Penrose diagram for AdS

Now we have a timelike boundary! If we go to there (0 = 7/2),

dspgy = —dt® +dQ5_;; Rx S ——— RV (1.14)

conformally like

Can we find another patch such that the boundary is Minkowski? The answer is Yes. Let us
introduce Poincaré AdS: it is a hypersurface on R*¢ given by

( ot
X1 ==
z
o _Z L () d-1, i\? | 2
X0 =51+ YT (@t) +t
i=1,...d—1 i (1.15)
xi ==
z
d _ 2| (e d-1,02 2
X _2[1Z(z S () t)}
This yields the following metric
2 d—1
2 2 2 i\2
dspom = 5 <—dt +dz% + ;(d;c ) ) (1.16)

The boundary of AdS in the Poincaré patch appears at z — 0, and we can again strip off the
conformal factor.

d-1
dspgy = —dt* + Z(clalci)2 = N dxtdz” (1.17)
i=1

10



. M ’

b .

Figure 1.2: Poincaré patch over Global AdS, with its associated d-dimensional Minkowski boundary.
The “shaded” areas are known as Poincaré horizons.

Keep in mind that the Poincaré patch covers only half of Global AdS. If instead of stripping off
0% /22, we strip off £2 /X222, we end up with

ds? = N datde” (6 — A7t — At (1.18)

The boundary metric is thus only defined up to a conformal transformation. Now, back to the full

(not only boundary) metric, let’s take z = —. The metric the becomes
r

) r2 ) 2\ 2d 1
dSPOin = —?dt + <€2> d?” + £2 Z df]? (119)

We can easily observe the similitude with (1.11). For this reason, it is common to find Global AdS
called as spherical slicing, Poincaré AdS as flat slicing, and Rindler AdS

2 2 -1
dshing = — (22 - 1) dt* + (22 - 1> dr? + r? dH3_, (1.20)
as hyperbolic slicing. This patch only covers a quarter of Global AdS. A similar image to the one
of Poincaré AdS can be found, and again we find a boundary rhombus, however in this case it does
not correspond to Minkowski, but to Ry x Hy_1.

There remains to discuss Euclidean AdS, for completeness. It is defined in an analogous way as
previously, embedding it this time in proper Minkowski space RM+1. It is given by the hyperboloid

(X2 = (X2 +) (X)) =-2 (1.21)
We can therefore achieve this by the substitution
a2 — (= dt2 + (. E + 72 d02
X1 5ixl glob e’ ¢ a1
=
{t S itp 2 -

dsd .. = ] (dt% +d2? + (dwi)2>
i=1

11

[\

(1.22)

,_n



It happens that in Euclidean signature, both patches cover the same!
A different way to visualize Poincaré AdS is

[ A

[ .

/ " Boundary //

/ S Now, if we have a ¢ scalar field in this
‘ setting, what would its dynamics be
like?

,,,,,,,,,,,,,,,,

1.2 Scalar fields in AdS

We have the previous action for the gravitational field Sk, and we add an extra Smatter:

1 m?
Smatter = - /dd+11‘v —9g (2v#90vu90 =+ 2‘102> (123)
The equation of motion derived from this action is not the usual Klein-Gordon equation (O—m?)¢ =
0, as the field is no longer living in flat space; instead this equation is substituted by its analog in
curved spacetime:
1

VZ-m?p =0, with V2=
( ) N

(v —99""9y) (1.24)
In Poincaré AdS (1.16), the action becomes
d—1
__1 d+1 AN AN -y m?
Smatter = 5 /d x (Z (Z> OppOyp + 0:4p0:p + ;81908190 +5e (1.25)

o\ d)2
Using as an Ansatz ¢(z,t,2') = (Z) o(z,t,2),

oo [ (2)" o ()" 0] = () () om0

With this, the action becomes

L&
z 402

¢2+£m2¢2
z

d
_ Y e | (7 s d%i Z
Smatter - *5 /d + x (Z) <8t¢at¢+ ;azﬁbaﬁb) + z¢ +€8z¢8z¢ +

total deriv.

(1.26)
If perform a change of coordinates y = —log z, then

1 : d2
Smatter = 5 / [ [ da'dtdy {@e—zy(—a@a@ + 0i0i9) + 0,00, + <m2£2 + 4> ¢2] (1.27)

12



This looks more like a canonical normalization in the y coordinate. We can even go to Fourier
space in the ¢, 2’ coordinates and then the first term above becomes w? — k2. For each k-mode, one
then views this as a usual Schrodinger problem, and the w, k part is like a potential because of the
factor of e72Y. Then, as we can see, there has been a shift in the mass:

d? d?
m20* — m20% 4 T20= m2e* > -7 (1.28)
This is the so-called Breitenlohner-Freedman bound (BF bound). Note that what we did here is a
shortcut and one should really be more careful, but you can look up the references for more details.
Let us now solve Klein-Gordon equation in curved space (1.24). As constant z looks like
Minkowski spacetime, it allows for plane wave decomposition in the remaining coordinates. This

leads to propose the Ansatz o(t, z, 2) = e(FF=t)p(2)

Zd+1 gd—l 5 5 2,2 5

The solutions to this equation are the Bessel functions. However, as we are interested in the
boundary z — 0, the equation near there takes the following form

1
2419, (zdl Zgo) —m2p =0 (1.30)

By power counting in z, we can guess a further Ansatz: p(z) = 22, The equation is cast then in
the following algebraic form
[A(A —d) —m20?]22 =0 (1.31)

d [d?
We have then found that our Ansatz is a solution if and only if AL = 3 + 7T + m?2/2. But, what

do these coefficients mean?
Near the boundary, the field behaves as ¢(z) ~ 22+ + 22, The normalization can be obtained
through the Klein-Gordon inner product:

{(p|p) ~ /dz zid*l(go(z)azgo(z)) 220, /dzzdleA ~ 2R (1.32)

This integral converges for A > d/2, therefore the two solutions found correspond to
e A_.: Normalizable solution, which will be dual to sources Oa.

e A_: Non-normalizable solution, which will correspond to VEVs (Vacuum Expectation Values)
of the sources

13



Lecture 2

Anti-de Sitter symmetries and
asymptotics

As with any physics problem, one of the first analysis that needs to be carried out is the study
of its symmetries, in order to understand better any behaviour of the theory, and even constrain
it. In our current case of study, the boundary is something of remarkable relevance, so it is also
convenient to analyze it in sufficient detail.

Both subjects will be covered in this chapter, as they constitute important features of Anti-de
Sitter spacetimes.

2.1 Symmetries of AdS and conformal transformations

We can infer the symmetries of (Euclidean) AdS from the transformations that preserve the hyper-
boloid (1.21). These are rotations (preserving x? + 32, d+1), and boosts (preserving z2 — y2, 1):
the isometry group is then SO(1,d+1). Translations are not an isometry, due to the presence of ¢.

The number of Killing vectors (isometries) associated to a maximally symmetric space, like for
example AdS, is # = (d+ 1)(d +2)/2.

Example (Flat spacetime isometries): In usual Minkowski spacetime R'3, we have
the following 10 isometries/Killing vectors:

e 3 rotations
e 3 boosts
e 4 translations

The above formula gives this precise number: (3 +1)(3 +2)/2 = 10

Surprisingly (or not), SO(1,d+ 1) is also the Euclidean conformal group in d-dimensions! This
is one of the first hints about AdS/CFT.

14



Conformal transformations

You might be wondering what is this all about conformal transformations. The answer is, they are
a special type of diffeomorphisms z# — z# + e (z#):

1) Translations: a# — z# + at

2) Rotations & Boosts: x# — wt,x”

3) Scalings: x# — aH + Az

4) Special conformal transformations: z# — z# + bFa¥x, — 2z1b,x”

Remark: These are the symmetry properties of the Lagrangian (the theory considered), not the
spacetime. Spacetime only has 1),2).
These symmetries are infinitesimally generated by generators (hence the name):

1) Translations: P, = —i0,

2) Rotations & Boosts: M, = i(x,0, — x,0,)

3) Scalings: D = —izt0,

4) Special conformal transformations: K, = i(z"z,0, — 2x,2"0,)
The generators satisfy an algebra of the following form

[D,K,|=1iK,, [D,P,)=iP,, [Ku P)=2i(nuwD— M)
[P, M| = i(MpuPy — v P),  [Kp, Myw] = i(pp K — npu K,.) (2.1)
[M;un Mpa] = i(nupMua + nHUMVp - nupMVa - 77V0'Mp,p)

Now a little discussion about representations. In CFT’s the protagonists are the primary operators
O(0). They satisfy

* [Ku,0(0)] =0

e [D,0(0)] = iAO(0). The constant A is called the scaling dimension, as under a metric
rescaling g — Q2g,,,, the primary scales as O(0) — Q20(0).

o [M,,0(0)] =%,,0(0). The constant ¥, is called spin.

Unitarity imposes the bound A > (d — 2)/2. This scaling dimension is of course related to the
A appearing in the previous section, about scalar fields in AdS.
We can obtain new operators (descendants) from primaries by

0,130y, O(0) (2.2)

These operators carry a conformal weight (scaling dimension) A + n.
It is worth mentioning that in 2d CFT, there are more descendants, L’illL'in...(’)(O).

15



2.2 Fefferman-Graham coordinates

In “real life” | in both quantum/classical gravity, the metric fluctuates,
for example in the AdS cylinder. However we are interested in pre-
serving the symmetries, at least in the boundary (processes far away
from sources). We therefore need some type of boundary condition,
but without being too restrictive, as we want to allow a variety of
things to happen in the interior, such as black holes, galaxies, etc.

2.2.1 Asymptotically AdS spacetimes
An Asymptotically AdS spacetime (AAdS):

1. Is a solution to the Einstein’s equations
2. Preserves the conformal structure at the boundary:

2 e L
o~ T2+ O+ o~ Sl +0 (55 ) oft + - (2:3)

The first term is “Pure AdS”, while the latter corresponds to the fluctuations inside (correc-
tions).

More precisely, let Q(a*) have a single zero near the boundary, then

AAdS: Egn — Q%g,, has a well defined conformal structure. (2.4)
y

Example (Poincaré and Global):

e Poincaré: boundary when z — 0 = Q = f(t,z%)z

2 . i
020 T £2(8 V.25 g2 2 20, iy [ _ 742 i\2
;1_1)%9 guy—ll_l)%f (t,z%)z 22( dt®+dz"+...) < f (t,m)( dt +igl(dm)> (2.5)

o L
e Global: boundary when p — 0o = Q = f(xl)e—p.
lim Q%g,, = f(t,2")*(—dt* +dQ3_,) (2.6)

p—+00

Counterexample: ds? = ds3 yq + r1guw(t, 2) — Q = f(t,z%)/r

lim Qg ~ rzgm,(xi) (2.7)

r—00

16



Let us work out in some detail a less trivial example: AdS, Schwarzschid black hole:

2 2 -1
9 T 2M 9 2M 9 9 19
ds ——<£2+1—r>dt +<€2+1 , dre+r de,1 (2'8)
P2\ oM 1 2M
~ _ﬁdt2 <£2> d?"2 + T‘2dQC21_1 - <1 - r ) dtz + <_’I"4 + T'E)) dr2 (29)
Subleading

We see that at » — oo we do recover AdSy.
Expanding g,

r? 1 2Me
9t =""p <1+7a_ r3 > (2.10)
With the first factor we recover, at large enough r, a boundary metric dsb dy —dt? —|—dQ . What
about the other two terms? Recall the scaling dimensions A4 found from (1 31). If d = 3
1 1
1~ AT 0 Source (2.11)
2M 0% 1 1

~— VEV (2.12)

3 Ay 3

These two terms lead to independent solutions near the boundary. The 1/r? is just a correction to
these solutions. Therefore,

G~ +22 4 )+ 22 (1422 (2.13)

In this case, Ay = d and the CFT operator is no other than the stress-tensor.

As we’ve seen already, AAdS boundary conditions allow for a rich space of solutions. We will
now discuss this in more detail.

Comment: Defined €2, which had a single zero at the boundary, the boundary metric being
dsﬁby = lim,_,0 Q?(2?, 2) g, dz”dz”. We can further define Q* = zf(2") or Q = zf(z"), and then

dspa, ") = £ (@' datdz” (2.14)
dslzjdy@) = fQ(xi)mwdxud-TV (2.15)

As we can see, there is no unique boundary metric, it is defined up to a conformal transformation!

Wevl:  ds? P 0y e
yl: ds?() — fQ(:ci)d =ds (2.16)

Fefferman-Graham Coordinates

If we take p = 22 (careful! this is not the same p as before), then

dp 1 9
17 ( dt +Z (dz?) )] (2.17)

17

dsias = ¢




Fefferman and Graham showed [7] that any asymptotic AdS metric can be written as

ds® = (2 (CW + 1g (p $“)da:“dx”> (2.18)
4p2 - pTH

Not only they showed this, but they also did show that

g (@, p) = g (") + pg D (@") + .. + p¥2g{D (") + ... + h{D(a")pY?log p (2.19)

in even dimension d
. ) . o . 2) (4) (d—2)
Given g, , using Einstein’s equations, g,v,guw .-, g ~ and hy, are all fixed. The only one non

fixed is g,(ﬁl,), only its trace is fixed. However, requiring regularity in the interior p — oo, g,(fly) is also

fixed. (This makes sense, as the Einstein’s equations are 2nd order differential equations, therefore
we need two conditions to fix the solution: gfﬁ), and regularity at p — 00)

If (in d > 2) the boundary is flat, g(z*, p) = ¢(© + pg® + p2g™ + ...

1 RO 1 2
@__- [(pO)__"* " (0 (G )
gu d—2 (R,uu 2(d _ 1) uy) ) gy,l/ 4 ( ;1,1/) (220)
What happens if g,‘f) — 9,8(3,)62"("”)? Consider a change of coordinates:
p= e 3 ap (@) () (2.21)
k=2
o= (@Y + 3 alk (@) () (2.22)
k=1

The line element changes as
2 2 dp2 1 °w g,V 2 620(27“) o gV
ds® =/ 17 + ;gwj(p,x Ydatdx ) = 02| .+ Tglw(p,x Ydatdz | + ... (2.23)

One can check that this preserves the F-G gauge. It uniquely fixes the functions a

For example:

1 —4o L 60 (3 2 v_ (2
az = —5((%08“0)6 ag = e <4(8a) +0'o0 agl(w)
@y = %8"06*2" @5 = —%6740 <3kag“k(2) + %8“0(80)2 + ;Fgl(2)8k0810> (224

By doing a change of coordinates (diffeomorphism), we induced a conformal transformation on
the boundary. There are, however two classes of diffeomorphisms:

1. Die fast at the boundary: p = ple=27+ 3", (p')%..., @ =x+ p.... These ones do not affect
the boundary.
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p = (p')? — decays faster.
(2) (0)

uv — Guv
2. Die slow diffeos: p = p'e2?. These induce a Weyl transformation. Let’s see how in the
Poincaré to Global case:
d—1
Aty ga = dih+ > (da')? T8 dr? 4 r2d03 (2.25)
i=1

Under a change of coordinate r = fe”, dr = fe"dT:
dspa = € (dr* +dQ5_) = 627(d5%&><5d_1) (2.26)

Let’s try to go the other way around. Now, e~ 7 (g, dz*dz”) = (*(dr* + dQ?_,). Poincaré

AdS is then
dst, = —2 + —62T (dT2 +d3 ) (2.27)
Poin 42 d—1 :

Using the Fefferman-Graham expansion, (2.21), we arrive to

dp* 1

2 _ 2 2 2 0

We will keep this result in standby now, and write the Global AdS metric (1.11) in the F-G
gauge. For that,

d d 1 1- 5
T27T = 52—2 = arcsinh (%) =5 log(p/4) = r = 627;”2 (2.29)
7zt
Plugging this in the Global AdS metric we find
24 EQ 52
d52 = — (dT2 + €2d92_1) + 5(17- — Edgz_l + ... (230)
p

We find that (not so surprisingly) there is no obvious mismatch between what we just found
for the Poincaré case and this result.
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2.3 Exercises (Lectures 1 & 2)

Problem 1: Embedding Coordinates

This problem will help you familiarize yourself with AdS as a hypersurface and embedding coordi-
nates. Consider the metric in R%*

4
ds® = —(dX1)? = (dX°)? + ) "(dX"). (2.31)
i=1
We saw in class that AdSs is the hypersurface
4 .
— (X (X0 4D (X =22 (2.32)
i=1
The metric of the Rindler patch of AdSs is
2
ds? = —(r* — (?)dt* + —— + r’dH3, (2.33)
-
with
dH3 = du? + sinh? u(d? + sin® fdp?) . (2.34)

Find the embedding coordinates X*(¢,r, u, 6, ¢) corresponding to this patch and derive the metric
(2.33) using the formula for the induced metric.
As a first step to solve this problem, first find the embedding coordinates that give the metric

ds* = (% (—sinh?® pdt* + dp* + cosh? pdH3) . (2.35)

Then, perform a simple coordinate change between p and r.

Problem 2: Klein-Gordon equation in global AdS
Consider the metric on global AdSy:
ds® = 0*(— cosh? pdt® 4 dp® + sinh? p(df? + sin® 0dp?)) . (2.36)
We will solve the Klein-Gordon equation on this background. The KG equation is
(V2—m?)¢=0. (2.37)

Take for an ansatz:

oL, p,0,0) = eimyl,m(a SD)Rw,l,m(P) ) (2.38)

where the Y] ,,, are the usual spherical harmonics on the 2-sphere. Proceed in the following steps

1. Write the Laplacian explicitly, and apply the time and angular derivatives. You will need to
use that the Y] ,,, are eigenfunctions of the laplacian for the 2-sphere with eigenvalues —{(I+1).
At the end, you will have an ODE just for the function R, (p).
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2. Solve this ODE. You may use Mathematica or another program for this problem, without it
it will be hard.

3. Since it is a second order differential equation, it has two solutions. First, we will expand
near the origin p = 0. You need to require that the solution is regular there. One of the two
solutions blows up at the origin so this will fix one of the integration constants.

4. Now take this solution and expand it near the boundary p = oo. You will get a linear
superposition of e=2+? and e~®-. We need to make sure we only keep the normalizable
solution that goes like A;. Since the remaining integration constant is an overall factor in
front of the function, it cannot help with this. This means you need to do something more.
For this to work, you will need to set w to be a function of the mass and [. Remember that
I' functions diverge if their argument is a non-positive integer.

5. Show that you find a discrete spectrum of frequencies:

3 9
\w|:§+\/1+m2€2—|—l+2n (2.39)

for n a non-negative integer. This is a property of AdS! Even if its infinite, it acts like a
"box” and makes the frequencies discrete. Rewriting in terms of the conformal dimension A,
we find

wl =A+1+2n (2.40)

They are integer space, what does this correspond to in terms of some CFT operator O7
What does increasing [ and n do?
Problem 3: From Poincare to Global

In this problem, we will familiarize ourself with the Fefferman-Graham expansion. Some of this
will review what has been done in class (Watch out, typos in class), and go beyond. Start with the
Poincare metric in FG form:

) Cdp* P

d e
] 12 +p

2 2 52d02 4 27 (3.2 2
(dtyy + ) da?) = L e (dr +d02_ ). (2.41)
=1

Now consider the global AdS metric and put it in FG form. You find

o pldp® £, 2 Lo o 2
ds” =1¢ 47,024-;(617' +de,l)+§(dr —dQ5_q) + ... (2.42)

Note that I have used a global time coordinate that is dimensionless, so the metric in the r coor-

dinate would be
dr?

ds* = (r* + *)dr* + +r2dQG (2.43)

r2
ZZ

The answer (2.42) is written as a power series expansion in p, and we keep the terms up to the
constant terms in p. Now we will perform the conformal transformation on the boundary metric,
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and compare it to the diffeomorphism in the bulk. This is the coordinate transformation we saw

in class
p = pe @) 4 Z ak) (z')p'* (2.44)
k=2
o = 2+ Za’@) (z')p'* (2.45)
k=1
with the first two terms being
1 % —4o
ap) = —5(81-08 o)e (2.46)
. 1 .
aiy = 5820'6_20 (2.47)
In this case, we have
o(z') = -7 (2.48)

Note that all derivatives in (2.46) are with respect to the prime coordinates. To lower /raise indices,
(0)

we use the metric g;;”(2) (note the prime here!) which in this case is

gg»)) (z)dz'dx? = €27 (dr? + dQ3_ ) (2.49)

Taking the poincare metric (2.41) and applying this coordinate transformation (2.44), show
that you can generate both the boundary metric R x S9! as well as the constant terms in the
expansion of the global metric. Don’t forget to Taylor expand your result after doing the coordinate

change (you may want to use mathematica to implement the change of coordinates). When doing
this, you will see that the p-part of the metric is

dp* L3 + (2.50)
P 17 168 .

so it is not in FG form. Can you guess why this is happening? What did we not take into account?
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Lecture 3

Introduction to supersymmetry

Concrete examples of AdS/CFT are best understood when the CFT is supersymmetric. It is
possible that the duality holds more generally but due to the nature of the strong/weak relation
between both theories, making explicit checks is very hard without supersymmetry, as it gives one
a great control over the theory (i.e. protected quantities).

Not only it is useful for the conjecture, but it is also an interesting subject on its own right,
and in fact not all supersymmetric theories are expected to have weakly coupled gravity duals.

In order to motivate this part of the course, we are going to begin studying the Wess-Zumino
model, which will lead us naturally to the SUSY algebra, and all the machinery behind it.

Motivation: the Wess-Zumino model
Consider the following action, consisting on a free theory for a scalar field A, a pseudoscalar B,
and a Majorana spinor y (we will define them later in the chapter):

1 1 1
Lwz = =5(0,A4)" = 5(0uB)” = Sx0; I =+"0, (3.1)

What symmetries does the theory posses? It is clear that it is Poincaré invariant!, but it does also
have a hidden symmetry: the Lagrangian is invariant (up to boundary terms) under the following,
the most general, supersymmetric transformation:

dA
0B = iévysx (3.2)
ox =[#(A+ivB)le

I
M
=<

Here it can be seen the difference between the scalar and the pseudoscalar; they have different
transformation laws, the pseudoscalar one will depend on the chirality matrix. It is interesting to
notice that the on-shell degrees of freedom of the two bosonic fields A, B is equal to the ones of
the Majorana fermion y; this is no coincidence, as supersymmetry requires same number of bosons
and fermion.

Tt might seem that there is also a global U(1) symmetry for x, however as we will see later the fact that they are
Majorana is a reality condition, hence it can not be charged under this symmetry. If there were more of these fields,
x!, that could be a possibility, rotating them.
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Understanding these sets of transformations is going to be the subject of this chapter. We will
come back to this model later on, but in order to successfully do so, we need to develop the notions
and technology behind supersymmetry.

3.1 Symmetries of the S-matrix, and no-go’s

First of all, we should understand what kind of symmetry is supersymmetry. Let us leave that
aside for a moment, and study usual QFT symmetries. It is well known that they can be divided
into two categories:

1. Spacetime symmetries (such as ISO(d, 1), i.e. Poincaré ) which are global.
2. Internal symmetries. These symmetries can either be global (the baryonic symmetry U(1)p,

with an associated conserved charge, the baryonic number) or local (such as the SU(2)x U(1)
sector of the Standard Model, unifying electromagnetism and the weak force).

An important question is: can we unify spacetime and internal symmetries? It could be won-
derful if we could have a group that unifies them.

“No-go” theorem (Coleman-Mandula, 1967): The most general symmetry group of the
S-matrix is

G= GPoincare X Ginternal (33)

This doesn’t allow for unification. However, this theorem only takes bosonic generators into account.
The statement of the “No-go” theorem is also written as

[TCH PM} = [Ta) Mm/] =0 (34)

where P, M, are the generators of translations and rotations, respectively, and 7T, are the gener-
ators of the internal symmetries (satisfying a Lie algebra [Ty, Tp] = fapTe).
Allowing for the possibility of anticommutation relations, a new theorem was found:

“Yes-go” theorem (Haag-Lopuszanski-Sohnius, 1975): The most general symmetry of the
S-matrix is
G = GSuperPoincare X Ginternal (35)

where GsuperPoincare 18 @ unique non-trivial extension of Poincaré, including anticommutating gen-
erators Q.
3.2 Superalgebras

Recall that, under an infinitesimal symmetry transformation
0. X = (eT) X, X = {fields} (3.6)

with € the parameter of the transformation, and T the generator. This €I combination has to be
bosonic for being a symmetry, hence

T, bosonic — &, bosonic
Q. fermionic — e, fermionic
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A superalgebra for (T}, Q) is then given by:

[Ta, To) = far° Te; {Qar Q) = fap®Tes [Ta, Q5] = fus” Qs (3.7)
where fagc and fa57 are a new set of structure constants. Let us now introduce the notation and
tools we will be using in what follows.

Spinor technology (4d)

The algebra associated to spinors is the Clifford algebra:

{’Y/M’YV} = 277,ul/a v =0,.3 (38)

It is usual to also define the chirality matrix 7> = —iy9y17273, satisfying (7°)? = L.

Dirac spinors will be 1), and the gamma matrices act on them by 1, = (w)a%g.

The charge conjugation matrix is C, such that Cy*C~! = —(y*)T and this matrix satisfies
C=-CcT.

There are two different notions of conjugation:

e Dirac conjugation: ¢p == 170 <= ¢ = wg(i’yo)o‘g
e Majorana conjugation: ¢y = 7 C < 1;?\‘/[ = w,gCﬁa
A Majorana fermion, by definition, is a Dirac spinor satisfying the reality condition ¥p = ¥
We will also need the following properties of Majorana fermions ¢, x (see 4.4, Problem 2):
EX=X& X =XE eYx=—xe

. - ) , (3.9)
EVuYsX = XVu V565 EVpwX = —X V€

[V Wl

DN | =

where v, =

SuperPoincaré algebra

The (M = 1) SuperPoincaré algebra has for generators (Qa, Py, M), where the P,, M, satisfy
the usual Poincaré algebra. The remaining (anti-)commutation relations between the generators
are listen below, with their implications

e Supersymmetry is a spacetime symmetry, applied twice generates a translation:
{Qou Qﬁ} = 2('7;10)046PM (3.10)

e Fermions and bosons have the same mass:

[chp,u] =0= [Qa’PuP“] =0 (3.11)
e (Q’s transform as spinors under the Lorentz group:
1 8
[QO{;M/JJ/] = 5('7/11/)04 Qﬁ (3.12)
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e There is an internal generator, R, which is a group automorphism (that is, although being a
generator, it is never generated in the RHS). In this case it is called an U(1) R-symmetry

[Qar R] = i(15)a"Qp (3.13)

Claim: A/ = 1 superPoincaré is the unique non-trivial extension of Poincaré with one Q.

Proof: It is clear that, if F' means fermion and B means boson, then {F,F} = B, [B,B]| =
B, [F,B] = F. The proof then follows from the “superjacobian” identities, and the Majorana
condition.

Fun with Jacobi identities (see 4.4, Problem 1):

[[B1, Ba|, B3] + [[Bs, B1], Bo] + [[ B2, Bs|, Bi]
[[B1, Bal, F3] + [[F3, B1], Ba] + [[B2, F3], Bi]
{[B1, Fo), F3} — {[F3, B1], Fa} + [{ o, F3}, B
[{F1, o}, Fs] + [{F3, F1}, Fo] + [{F2, P}, B

0
0

3.14
. (3.14)
0

It can be shown that with the ansatz [Qa, Pu] = (¢, + dv,75)a”Qp, the superjacobian implies
¢,d = 0. The proof follows from a generalization of this, for all (anti-)commutators, writing the
most general (anti-)commutator as the most general one, and checking it with the superjacobian.
O

Immediate consequences of the SUSY algebra
Four important properties follow from our discussion:

1. Q4 is in the spin 1/2 representation of the Lorentz algebra. Thus, given a state with angular
momentum j,

) & 1+ 1/2) (3.15)

SUSY then mixes bosonic and fermionic fields. Another point of view (that we won’t discuss
here) is that @, generate translations in Superspace.

2. From (3.11), it is clear that P2 = —m? is a Casimir operator of the SUSY algebra, hence
Gom) 2% 15 +1/2,m) (3.16)
(where m is the mass label).

3. Energy F = iP, is positive semi-definite, £ > 0.
Proof: This follows from {Qa, Qs} = 2(7,C)asP*. Multiplying times C°?, we obtain

(QaQB + QBQ&)C(SB = 2(’}’MC)QQC65P“
= {Qa, Q°} = 2070 (7,)0 Y Cp PP = —28° (7)) 0V P* = —2(7,)a’ P*

If we now multiply by i7? and trace over the spinor indices:
Tra,s [{Qas @74(1°)5” | = =2 Tras (e (9°)s" P
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Using cyclicity of the trace, plus the identity Tr{v,, v, } = 21 TrI = 81y, the RHS reads
—2iTra [(’y“'yo)aﬁ} Pt = —iTr [(Wyo n 70%)&5] Pt = —8i0, P = 8iPy
While the LHS reads, using ¢¥p = 91i7? = ¢piy? = 1.
Tra,p | Qa@(19)a” + Q°(11)57Qa | = Tras [QuQ' + Q17

Therefore, E = iPy x QaQ* 4+ h.c. > 00.

In particular, the vacuum state has E,,. = 0 stable! Quantum corrections don’t change this
if the vacuum is supersymmetric. This is one example of a quantity protected by supersym-
metry.

. The number of fermions and bosons is the same:

Theorem: In any representation of SUSY in which P, is a one-to-one operator, there are
equal number of fermionic and bosonic degrees of freedom.

This is a property of the algebra, and holds both on-shell and off-shell (this will be important
in what follows). Proof by picture: Suppose that it is not the case, then

Figure 3.1: Two Q’s are a translation ({Q,Q} ~ P is one-to-one), hence this cannot happen. [

Counting degrees of freedom

There are two types of counting when it comes to degrees of freedom:

e On-shell d.o.f: Number of helicity states (physical/propagating degrees of freedom)
e Off-shell d.o.f: Number of field field components minus gauge transformations.

This is exemplified with a table of some commonly discussed fields (Table 3.1), where [z] refers

to the integer part of z. Restricting to d =4, s < 1 we have (Table 3.2).

We can see that there are two basic 4d N/ = 1 on-shell multiplets (which means that they

contain the same amount of fermions and bosons, which is required by supersymmetry):

e Chiral multiplet (“matter”): ( xo ,A4,B)+ (F, Q)
AN

2 ferm. 2 bos.
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Field Off-shell On-shell

Real scalar 1 1
Dirac spinor ol2] complex %2{%] complex
Spin-1 A, d—1 d—2
Spin-3/2 ¢,* | (d — 1)2[%] complex | 3(d — S)Q[g] complex
Graviton g, 1d(d-1) Hd-1)d-2)—-1

Table 3.1: Some degrees of freedom for general d, s

Field Off-shell | On-shell
Real scalar A 1 1
Pseudoscalar B 1 1
Majorana spinor y, 4 2
Spin-1 A, 3 2

Table 3.2: Degrees of freedom with d = 4, s < 1 interesting for us in what follows

e Vector multiplet: (Ao, A,) + D

where F, G, D are auxiliary fields for off-shell SUSY. The chiral multiplet will constitute the Wess-
Zumino model, which made its appearance at the beginning of this chapter, whereas the vector
multiplet is SuperQED if G =U(1), or SuperQCD if G =SU(N,). For now we will only focus on
the on-shell multiplets.

Extended SUSY

We can generalize the SuperPoincaré algebra to one with generic A/. This number indicates the
number of supercharges, Q%, ¢ = 1, ..., /. The algebra gets a bit more messier because of the new
indices, but not much:

{QY4, Qpj} = —2i(0")apd*jPu; {QY, Q%) = eap(UY +iV¥);
) 1 . . ) .
(@ M) = 5 (o) aQ: Q. Tr] = R';Q)

where U = —UJ" Vi = —VJ% are the “central charges”, as [¢,U] = [¢,V] =0, and R = —R”
(U(N)g is the larger R-symmetry, mixing the i,j indices). This algebra goes by the name of
N-extended SuperPoincaré algebra.

(3.17)

3.3 Wess-Zumino model

Finally, we have the tools to analyze properly the Wess-Zumino model, shown at the beginning
of this chapter (3.1). It is the correct guess for the action of the on-shell A/ = 1 chiral multiplet,
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enjoying Poincaré symmetry along with the supersymmetric transformations (3.2). We will now
show the closure of these transformations, its invariance up to boundary terms, and finally we will
briefly mention the generalization of this model which includes interactions.

Closure of SUSY algebra

We have to prove that the set of transformations defined above does indeed satisfy the supersym-
metry algebra. In other words, does [, ,dc,]| close to the SUSY algebra?

[5617562]A = 561 (EEX) - 562 (aX) = Eaa(A + i’75B)61 - (1 A 2)
Using the spinor technology, the A terms add up, while the B ones cancel:
[0c1 5 0en|A = 262710, A€l = [0¢,, 0cy] = 2627V €1 P, (3.18)

(a similar conclusion can be drawn for [0, ,de,|B. Now, recall that {Qa, @} = 2(7,C)asPH, and
d¢ = €Q). Hence,

b1+ 0e2) = [61Q, Q] = 6°Que2Qp — & Qpe1"Qa = —61°6QuQs — 6°2 QpQu
= —e‘lae_QBQ('yHC’)agP“ = —26%v)a €2y P! = —261y,62 P! = 2671 Py
Which is in agreement with the previous result! Now, what about x7
[0e1s 0es)X = 06 [I(A+ ivsB)ea] — (1 ¢ 2) = b, [0, AV e + iv* 50, Bea] — (1 + 2)
= au(gl)()'wﬁg + i’Yu’YBau(gli%X)Q - (1 < 2)
= (@0ux )" e2 — (750, X7 15€2 — (1 < 2)

It seems that this is hopeless, we have reached a dead end. However, we can use the so-called Fierz
identities (only for Majorana spinors):

(GM)NG = 3 S (W' 9) (N1 M) (3.19)
I

where M, N are matrices, A, Y and v are spinors, and

OF = {I A", in", 90, iy}
O =LY VY55 V55 1V }

1 .
(here we have taken y** = 5{7“, v*}, with o < v). For completeness, Tr /9, = 465%.
Claim: Only the terms with ¥ = {u, 7.} contribute to [d¢,, d,]x. Furthermore, when plugged

in, the 47y,, terms cancel (see 4.4, Problem 3).
We are thus left with
1 _
[bers dea]x = =5 (@17 e2)7"7p0ux — (1 ¢ 2)
1
= —5(ar’e) (=" +287)0ux — (1 4 2)

1
= 5(6_1’7’)62%)5()( —aedy — (1 2)
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We can clearly see that the algebra on x does not close unless we impose the equation of motion
Jx = 0. Therefore the SUSY algebra only closes on-shelll This means that the transformations
we wrote are not a “faithful” representation of the SUSY algebra off-shell, even if the action is
invariant. But why did this happen?

The fact that SUSY doesn’t close off-shell is not a problem per se, in fact it was expected
as the degrees of freedom in Table 3.2 didn’t add up off-shell. If we want it to close off-shell
too (because for example in QFT we need it as we integrate over all possible field configurations,
including off-shell), we need to add the previously mentioned auxiliary fields F, G, with their own
supersymmetric transformations.

Invariance of the theory & interactions

Let us now show that the Lagrangian is indeed invariant:

§Lwz = —(0,A)0"5A — (8,B)0"6B — x@ox = 0,0" ASA + 0,0"BSB — xddx
= OAex + OBeivsx — XJ [J(A + iv5B)e]

where in the first line we dismissed boundary terms. If we use the spinor technology, concretely we
will need

1
I = A10,~" 0, = 5{7“,71/}5#31/ = 0,0, = 9,0" (3.20)
we then plug it in the variation, and it turns out to be zero, dLywz = 0, as it should. This is our
first example of a SUSY action! Supersymmetry was a hidden symmetry of a very simple action
that we have seen many times.
The action can be generalized to include masses and interactions:

1 1 1
Lws = —5(0uA) = 5(0,B) — 5m*(A% + B?) — x(# - m)x (3.21)

N |

2
— g%(A + iy B)y — mg(A3 + AB?) — %(A2 + B2)? (3.22)

This is the most general interactive, renormalizable, supersymmetric action. Note however that
not all coefficients are independent, they must be related (this is an example of the power of super-
symmetry). Also, the existence of bosonic global symmetries implies the existence of a conserved
current (which we will not derive here),

JP = (A —iysB)yFx (3.23)

The same is true for the global fermionic currents. These “supercurrents” will sit in supersymmetry
multiplets.
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Lecture 4

N =4 Super Yang-Mills & ’t Hooft’s
large N limit

After studying the Wess-Zumino model, and before diving into the realizations of the extended
SUSY algebra, we will consider the vector multiplet (An, A,). Not only it is interesting on its own,

but it will also be instructive for the later generalizations.

4.1 N =1 Super QED and Yang-Mills

Let us study the abelian and non-abelian cases for A, separately. Here we will be interested in the

free theories, although generalizations are possible.

e Abelian: The natural action for the fields is given by the following Lagrangian:

1

v 1<
4—gQFWF“ - 5)\6)\+

Lsym = —

The SUSY transformations are given now by

0A, = ey
1
oA = —ZFM,/y‘“’e

These transformation close on-shell. One can check that_éﬁ = 0,K*", provided the Bianchi
identities dF' = 0 = 0|,F),,| = 0. There is no interaction (AJ}), as had A been charged under

U(1), that would destroy its Majorana condition. The same goes for A,,.

But this diagram is
not possible, as A
doesn't have g
charge

If this could happen, it
would be SUSY
equivalent to this other
diagram

Figure 4.1: Example of SUSY vertex constrains. This is also consistent with the above discussion

on the Majorana condition, which does not allow for this vertex to happen.

31



e Non-abelian: The generalization is straightforward, the Lagrangian description (for A%, Aly a=
1...dim G) in this case is given by

1

L =Tr |——
SYM ig?

1_
F, F" — 5)\,5)\ (4.3)
Now the fields are charged under G (for example in usual QCD the gluons are charged with
color charge). All fields in a SUSY multiplet are in the same representation of the gauge
group ([@,T¢] = 0, by Coleman-Mandula). In particular, all fields in the vector multiplet are
in the adjoint representation.

Another important property is that there is an additional classical symmetry of the action:
scale invariance

r— e, A, - Q7MA, A Q72 (4.4)

(where the powers of €2 are the classical dimensions of the fields). However at the quantum
level this symmetry is broken, unless the beta function vanishes (we will see this come back
in (4.18)).

The above discussion refers to Super Yang-Mills models, however we can also consider Super
QED, which involves adding matter multiplets (chiral ones, with (¢, x«), with ¢ = A+iB a complex
scalar) to the Lagrangian.

4.2 TIrreducible representations of SUSY (extended)

One may consider massive/massless representations of supersymmetry. As an example, say we want
to find representations of SO(3, 1), that is, the Lorentz group. It’s non-compact, so it has infinite
dimensional representations. That is bothersome, so we use the method of induced representations,
by Wigner (we find a representation of a compact subgroup leaving p,, invariant, and extend it to
the full group):

Particles can be massive, therefore having SO(3) as their Little group (as we can write p# =
(m,0,0,0) in the rest frame, p> = —m?), or massless, having SO(2) as their Little group (and
therefore having momenta given by p* = (k, k,0,0), p?> = 0). A

We now have to do the same for (extended) SUSY: {Q?,, 5} = 2(Cy) apptd™.

Take a massless particle with momentum ¢, = (k,0,0,k). It can be represented by the state
lg, ) — P*|q,j) = ¢"|q, 7). This means

{Qh @b} |a) = 207 (7,C)apa” (4.5)
For convenience, o — AA A A= {1,2}. With this,
~~ ~—~—
SUB,1)  SU2)xSU(2)

AB
QY QBY = —261 (0 + o) Bk = kst (07

Where the acting on |g) is implicit, and o = (I, 0, 02,0%) 0, = (—=1,0', 0%, 03). This entails that
the only commutator which acts non-trivially on the state is

(Q¥, Q%) = 4ko! (4.6)
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The triviality of {Q", Q}} = 0 along with the relation (Q1)* = —Q' imply
(@QM(@") +(Q")*Q"|g) =0 (4.7)
If |g) is positive definite (which always happens in QFT), then
Q"1g) = Qilg) =0; Qblg) = Qylq) =0 (4.8)

From now on, for the sake of notation, we will rename the Latin indices as i = I,j = J, and
furthermore, we will denote Q{ = Q' Let’s look at other commutation relations for Q’s:

Qh M) = S (0)5@h = 1@, Mio = L Q% [(@1) s = 2(Q) (49)

The operators Q, (Q7)* behave as raising and lowering operators! More explicitly: assume a state
with helicity \, then J|\) =i\|)\). Acting with Q7,

TN = (4 Q1+ Q)N = <;Q1 + Q%’A) \) = Qi ()\ + ;) A)

This shows that Q! is a raising operator A — A + 1/2. Analogously, (Qf)* is a lowering operator
A= A—1/2.

What is the implication of this? We can now build representations in the usual fashion: define
a vacuum |Apqe) such that Q7 |\,.z). From this state, we can build a whole tower of states by
acting with the lowering operator on them. By the nilpotency ((Q!)*)? = 0, the tower has the form

| Amaz) — (QI)* | Amaz) — (QI)*(QJ)* | Amaz) — - (4.10)

Example (4d, N =1=1=J =1, Apax = 1/2): The tower of states obtained is the
following

1/2) = (Q)"[1/2) = (Q*)* [1/2) =0
You might not notice it, but we have rediscovered the Chiral multiplet! The first and second
states (the non-zero ones) are, respectively, xo (A = 1/2) and A (A = 0), along with their
CPT conjugates (forced by the CPT invariance of quantum field theory) xo (A = —1/2) and
B (A=0).
(1/2,0) & (0,—-1/2) = (Xas A, B) (4.11)

Example (4d, N =1 =1 =J =1, A\par = 1): In this case, if we follow the same
procedure we end up with the Vector multiplet:

(1,1/2) ® (=1/2,-1) = (Xa, Ap) (4.12)

If we began with \,,4: = 3/2, we would end up with the so-called Current supermultiplet
(Ji Ju)- This is not an elementary multiplet, though.

. J

Let us now work out in detail the 4d N = 4, \,,4. case, as it will be relevant in what follows.
There are four supercharges @, I =1,2,3,4. We can build the tower of states 4.1
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States # of states x  Helicity
1) ()=1 x 1
(@Y1, (@)1, () [1), (Y1) H=4 x 1/2
(@Y (@) 1), (QH" (@) 1), (@Y (@) [1),..| (3 =6 x 0
(QH)7(@)"(@)* 1), (@1)7(@)* (@) ), ... y=4 x -1/2
(Q1)(2)*(2¥)*(Q")" ) =1 x -

Table 4.1: N = 4 tower of states

We therefore have discovered the N = 4 Vector multiplet (A4, x4, ®17), where ®; is antisym-
metric. This multiplet, being self-conjugate, doesn’t need the CPT conjugate we had to add in the
previous examples.

N = 4 is called a “maximally supersymmetric theory” (with spin s < 1). If we had more
supercharges, and began with |1), we would have gone further than |—1). A nice way to represent
the multiplet is through what is usually called the “rhombic diagram”, which also allows us to
identify submultiplets (Figure Figure 4.2)

1/2) /1/2)/1)2
0 0C0O 0.0 0
—1/2)—1/2)— 1/2

Figure 4.2: Rhombic diagram of the multiplet, with submultiplets indicated

This means that
(N =4 Vector) = (N =1 Vector)+3® (N =1 Chiral)

Another way to classify the states is through the way R-symmetry acts on them. Remember that
[QL,R] = U ;Q!, then UT = —U. This means that R-symmetry is a U(N)z symmetry.

The N = 4 Vector multiplet (AH,Xé,CI) 1J) then transforms in the (1,4,6) representations of
U(4)r

4.2.1 The action of N/ = 2,3 Super Yang-Mills

Although we will be mostly interested in the case featured in the next subsection, we will also
briefly describe the N’ = 2 model. Its field content is N' = 2 vector multiplet: two scalar fields
G, H, a vector field A, and a Majorana fermion, the spin-1/2 field x; (if we want the algebra to
close off-shell we would also need to include three bosonic degrees of freedom X% = X7%). The
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invariant action (for the free theory) can be built as

Lo = Tr (= {Fu ™ = JO,6)0"G) ~ 5O,MO 1) - 30 ) (413

This model does enjoy the supersymmetric transformation

oG = iEIX[
0H =eyxi
A, = (4.14)
1 . .
ox; = _i(UuV)FWGI —id(F —iysG)eg
And their respective equations of motion are given by
0u0'G = 9,0"H = Px1 = 9, F"" =0 (4.15)

As in the N/ =1 case, we can add a hypermultiplet in order to have N’ = 2 SuperQED.

The case for N = 3: This case is usually not discussed, as if one constructs its multiplets, and
adds their CPT conjugates the resulting content is the same as the N' = 4 one.

4.2.2 The (unique) action of N'=4 Super Yang-Mills

The Lagrangian corresponding to the A/ = 4 Vector multiplet is the so-called N' = 4 Super Yang-
Mills (SYM) model:

1 1 -
Lgyn =Tr <_42F"”FW - §DM<I>1JD“<I>” — Ao
I (4.16)

. 1
+iM [N, @75+ hee. — 4[<I>U,<I>KL][<I>”,<I>KL]) ,

where I,J = 1,...,4 and ®;; is antisymmetric, therefore it constitutes 6 scalar degrees of freedom
(the ones present in Figure 4.2). The form of the Lagrangian and the couplings are uniquely fixed
by supersymmetry. This action enjoys the supersymmetric transformations:

§A, =iy +he.

0Py =E€Ay— €A+ ersxne A" (4.17)
i :
A = 5(0'#,/)17’[“/6[ + 27, DF® 1y + 2i[®1 5, D75 e

where ¢ is the Levi-Civita symbol (not to be confused with the gauge parameter €). Note that,
unlike in the NV = 1,2 cases, this action is unique: any attempt to include more multiplets is not
allowed, unless we add Ly itself. But of course that is trivial.

35



Symmetries of N' =4 Super Yang-Mills

So far we have the following symmetries: Poincaré, Maximal SUSY, and SU(4) R-symmetry’.
There is one more we shall study: conformal symmetry.

Beta functions in Yang-Mills theories Consider a general QFT with U(N) gauge
group (A,), ny number of Majorana fermions and n, number of real scalars, both in the
adjoint representation. Let’s look at A; = g%,M, for this model. An interaction vertex is
gyMAN C L, studying what happens with it after quantum corrections, we find

2
_ 9ym 1
Pym = ~Nig (11 — 2ny — 5ns) (4.18)
If we compare this to N’ =4 SYM, which has ny = 6, ny = 4, we find that Sgynm = 0.
Conformal symmetry from the vanishing of beta functions Qualitatively the pic-
ture is quite clear: a vanishing beta function indicates a fixed point in the theory, where
there are no scales, hence it is conformal invariant.

Thus, joining together all the symmetries, this model will enjoy
(SO(4,2) ® max SUSY N = 4) € PSU(2,2[4) (4.19)

This supergroup PSU(2,2|4) (where PSU stands for Projective Special Unitary group) contains as
a subgroup SO(4,2)x SO(6)r, which has the same symmetry as AdSs x S°, respectively... this
already smells like the duality.

In String Theory, the way to “engineer” field theories is by the use of branes. Consider D3-
branes (3+ 1 dimensional QFTs, therefore with SU(4)) in 10d. The Lorentz group in 10 dimensions
SO(9,1) will be broken by the introduction of these branes into SO(3,1)x SO(6) (corresponding
to the worldvolume Lorentz group, and the 6 orthogonal dimensions to the branes). If we N, of
them, the gauge group of the strings on them will be SU(N,).

Let us now set this aside for a while, as there is something we have to present before.

4.3 ’t Hooft’s large N limit

In gauge theories, the standard limit is the perturbative one, g — 0, which is what is used in the
Feynman diagrams approach, neglecting higher order terms. The problem is that it is limited to
perturbations around the classical theory.

The ’t Hooft’s large N limit is an interesting non-trivial limit of QFTs (not necessarily super-
symmetric), which can be applied to: O(/N) models (N scalars) where under the large N limit it
becomes exactly solvable; or gauge theories, with large rank(G) = N — 1, with for instance G =
SU(N).

1t would be tempting to think that, given that there are four supercharges Q%, the R-symmetry rotating them
constitutes an U(4) group. That is indeed true, however it is not hard to see that in general U(N) =U(1)xSU(N),
as one can always factor out an e¢‘*, a € R from the defining U(NN) matrix, while the remaining matrix belongs to
SU(N). In the case at hand, the U(1) part of the R-symmetry is broken in the Lagrangian, with only the residual
SU(4) symmetry remaining.
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't Hooft’s limit is not an expansion around a classical theory, in fact it is the opposite in general,
a very strongly coupled quantum system. Through holography, it is perturbative around classical
gravity in d+1 dimensions.

It all begins with a basic observation. Suppose you have a gauge theory, with Lagrangian

1

49y m

1 1
L="Tr (— FuVFMV — QQB(] - 2)_(HX> (420)
(where g and x could be generic quarks and gauginos). The “effective” coupling is given by
A= g%, uN. To see this, consider

Figure 4.3: Here N is the number of loops, and
as it can be seen there are two coupling constants
gy contributing to each order.

/ In this setting, 't Hooft’s limit is N — oo, but
g keeping \ fixed (hence letting g2 — 0 ).

Double line notation: Suppose we have a theory containing quarks, where the interactions
vertices are, for example, (jZ(A#)z ¢;- The quarks ¢; are represented with oriented lines (arrows),
while the gauge fields (A#);'. instead of being represented with a wiggly line, they will be represented
with two lines of opposite directions (one for the “quark index” j and the other for the “antiquark
index” 7). When we contract the indices with their corresponding quark/antiquark, we glue lines.

Let us see this with some examples of interactions:

>WAE} e Quark-antiquark interaction: T(Au)gqj
EAME% e Triple gauge field interaction: A29A

\>\/\<\ e Quadruple gauge field interaction A*

Now, consider only fields in the adjoint representation, and vacuum diagrams, i.e. no external
lines (Figure 4.4)

These diagrams translate to the followings with the double line notation (Figure 4.5)

The first two diagrams are planar diagrams, that meaning that they can be drawn on a plane
or a sphere, however the third one is not! There is a crossing, which cannot be implemented in a
flat surface accurately.
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D -

Figure 4.4

’ ’ ’

Figure 4.5

Lets look at how these diagrams scale with N and ¢?: If we name the propagators by E, the
interaction vertices by V' and the loops by L, then a diagram with (V, E, L) has

N\ /A"
(A) <N> NL _ NV—E+L)\E—V — NXAE_V (421)

where x is the Euler characteristic of the diagram.
Theorem: x =V — E+ L = 2—2g, where g is the genus of the diagram (the number of “holes”).
Therefore we have for any diagram N2~29\F=V For example, with the three previous diagrams,
we obtain

(2,3,3) (4,6,4) (4,6,2)
AN? AN2 A2NO

For large N (keeping A finite), the terms that are dominant will be the ones with genus zero, exactly
the planar ones! If we compute vacuum amplitudes, we obtain

(vacuum|vacuum) = Zgauge = Z N?729)\PC, (4.22)
g?p

The sum over the genus can be understood as a sum over topologies... And here is where string
theory makes its appearance, as in string interactions there is also a sum over gs, the genus of the
worldsheet.

Notice that this is then a very quantum limit, unlike the perturbative one, as the sum over
topologies will take into account the planar graphs with many loops. In fact, N — 0o, A = o0, is a
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Z=©+®+++...

Figure 4.6: This observation in gauge theories led Gerard 't Hooft to conjecture the existence of a
string theory lurking this area, one of the first clues towards the AdS/CFT conjecture.

strongly-coupled-highly-quantum limit of the theory. What 't Hooft proposed was an equivalence
between the string partition function and the gauge partition function:

zid =z (4.23)

gauge string

The unknown dimension of the string theory turned out to be 7 = 10. Juan Maldacena’s proposal
of AdS/CFT makes this equivalence more precise, as

ZN=4SYM = Zﬁfiﬁgxso (4.24)

This is believed to be true for any A or N. For the case of large N and large A limits of N’ = 4
SYM, it is even more concrete, as it it equivalent to type IIB superstrings on AdSs x S°.
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4.4 Exercises (Lectures 3 & 4)

Problem 1: SUSY algebra

a) Consider a set of bosonic generators By 2 3 and Fermionic generators Fj 2 3. Prove the following
super-Jacobi identities by explicit computation:

[[B1, B2], B3] + [[Bs, B1], B2] + [[B2, B3] , B1] =0, (4.25)
[[B1, Ba], F3] + [[F5, Bi1], B2] + [[Be, F3],B1] =0, (4.26)
{[B1, Fo], F3} — {[F3, B1], Fo} + [{F2, F3}, B1] = 0, (4.27)
{F1, Fo}, B3| + {Fs, Fi}, Fo] + [{Fo, F3}, F1] =0, (4.28)
where we have defined the commutator and anti-commutator,
X,Y]=XY -YX, {X,Y}=XY+YX. (4.29)

b) Consider the following Ansatz for the commutation relation of the supercharge with the trans-
lation operator:

[Qa Pul = c(v).] Qs (4.30)

where c is a real constant and v, satisfy the Clifford algebra {v,,7,} = 2n,,. Using the super-
Jacobi identity for (Qa, Py, P,), prove that ¢ =0.

Comment: The most general Ansatz one can consider is

[Qa Pul = (e + dyys),” Qs (4.31)

One can similarly show that ¢ = d = 0, but you are not asked to do this.

Problem 2: Majorana Spinors

Assume €, y are Majorana spinors, i.e.,

€a — Coz,BEB ) Xa = Cab’)_Cﬁ ) (4'32)
where C' is the charge-conjugation matrix, whose defining property is
oo t=—(yt,  oT=-cC, (4.33)
and satisfies
Ca,B = _C,Ba, CaBC’Yﬂ = _Caﬁcﬂw = _534 : (434)

Given a matrix Maﬁ and two Majorana spinors €, x, we construct bilinear as follows

EMx =M, xs. (4.35)

a) Using the properties above, show the following identity used in class:
€X = Xe€- (4.36)
Hint: Recall that each component of a spinor is an anticommuting variable, e.g.,

e = —ex?, eaxs=—xsea, X’ =X ea,  ete..
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b) Note that it follows from (4.33) that

(o) =atC = (") Cas = (") Cha (437)
Using this property, show that
éevix = —xyte. (4.38)

c) Repeating the same logic as in part a) and b), show the remaining identities:

EV5X = X756, Y ysx = XY se, VX = —XVuv€ » (4.39)

1.2,3

where v5 = —i’YO’Y y*y? and vy = %[’Ym%]-

Hint: To show (4.39) you need to first establish properties similar to (4.37).

Problem 3: Closure of SUSY algebra
We showed in class that the following supersymmetry transformations:

0A = €y,

0B =ieysx

ox = "0u(A +ivs B)e,
close to the SUSY algebra on the fields A, B. Indeed,

[0c1 5 0e,|A = 269711 P, A, (4.40)

[0e1, e, B = 262761 P B, (4.41)

as expected from the SUSY algebra. However, this is not the case on y. Indeed, complete the
steps below to show that

[6617662]X = 561562X - (1 « 2)

= 2en"e1 Pux — (€7"€1) 7p v Oux -
—_———— ——
SUSY algebra x EOM

Thus, the SUSY algebra closes only on-shell, i.e., when the equation of motion (EOM) for x is
imposed.

Hint: As discussed in class, you need to use the Fierz identity
_ 1 _
(AMx) Nv = - > (AO"y) NOM, (4.42)
I

where OF = {I, ", ivHy5, 45, iv"™}, Or = {I, Yy iuV5, V55 i > and g < v, to reorder the position
of fermions. Then,

e Show that the only terms contributing to [d,,d,]x are from Of = {y# iy}

e Show that the term with O = 4" in fact also cancels, after using V5YuYs = —Yu and
V5 YurYs = Ypv-
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Problem 4: Representation theory

In this problem you are asked to repeat the analysis we did in class (for N' = 1,4) to build massless
representations of AV = 2 and N = 3 supersymmetry.
We define the vacuum state [Apax) as satisfying

(Ql)*‘)\max> = 07 I= 17 7N-

a) There are two basic multiplets in A/ = 2 theories: the N' = 2 vector multiplet and the hyper-
multiplet, corresponding to Apax = 1 and Apax = %, respectively. Construct these two multiplets,
showing the entire tower of states, how they are obtained from the vacuum, and their helicity:

state |A) | helicity A
| Avac) 0

(Keep in mind that (Q1)(Q”)* = —(Q”)*(Q!)".)
b) Add the CPT conjugate to the states found in part a), if necessary.

e What is the field content (i.e., number of gauge fields A,, Majorana fermions y., and real
scalars ¢) of the N’ = 2 vector multiplet and hypermultiplet?

(M =2vector) = {-++,-+~,--}, (N =2hyper)={ -, -}

e How would you decompose these into the N' = 1 multiplets discussed in class?

e What is the R-symmetry group and in what representation do all the fields you find transform?

¢) Consider the Apax = 1 multiplet for N/ = 3. If necessary, add the CPT conjugate. What do
you find? Is it something familiar? What do you conclude from this?
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Lecture 5

Derivation of the AdS/CFT
correspondence from D-branes

Let’s recap: We have already studied (Asymptotically) Anti-de Sitter spacetimes, scalar fields living
on them, supersymmetric QFT’s, and N/ = 4 Super Yang-Mills. But what does it all have to do
with string theory?

It all begins with D-branes. In the previous chapter we rushed through them, as they were not
the main topic. We are now going to see them in a bit more detail, as they will be very relevant.

5.1 D-branes

We are going to restrict ourselves to D3-branes, but the properties discussed will be applicable to
any Dp-brane. In string theory, if we study open strings, we have to implement boundary conditions
at each end, for each of the coordinates of the string. These conditions can be either Neumann
or Dirichlet, and the latter ones define “membranes” (hence the name) where the strings can end,
hence D-branes.

D-brane 1 D-brane 2
Say we have a string worldsheet X*(o,7), a

D3-brane would be the hypersurfaces given by
X*(o=0,7) = X*(o=m,7)=0,u=0,1,2,3,
while the rest of the components X%(o,7), a =
4, ...,9 would be free (with Neumann conditions).

Computing the spectrum of the string, one finds that it corresponds to gauge fields living on
the brane, with gauge group U(N), where N is the number of stacked branes at the endpoint.
In string theory, there are two parameters:

1
e The string scale, or length: o =12 ~ T

e The string coupling gs, which features in interactions as it is the genus of the worldsheet.
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However in the D-brane context we have seen there is another parameter:
e The number of D-branes stacked N.

Let’s introduce N D3-branes in flat space R, In terms of usefulness, there are two possible
descriptions, with their properties listed below:

D-brane perspective Black-brane perspective

Good description if A = g2N < 1 (perturbative) | Opposite case, A > 1 (non-perturbative)
92 = gs N = *F®)

g5

SU(N) gauge theory Solution to Ssyara

Table 5.1: Two different versions of branes in flat space

where

SSUGRA = (87T)81(lp)8 /d10$\/jg€_2¢ (R + 4(V(I))2 — F2) (5.1)

The black-brane metric is then given by

ds? = H V2 (r)ny,datde” + HY?(r)(dr® + r2dQ2); H(r) =1+ — (5.2)
T

where (4 = 47g,N|o/|? (here £ has the same role as 2GM in Schwarzschild).

When A > 1, the branes collapse (as a black hole, but with flat event horizon, thus the name
black-brane). It is supersymmetric, charged and with zero temperature.

The limits of the black-brane metric are

e r — oo: Flat space

e 7 — 0: Horizon

e r < ¢: Near horizon

We will perform the change of coordinates z = £2/r, such that z > ¢ is the near horizon:

2 2 2
ds? ~ %(nw,dm“d:n") + %d% + 2d02 = %(d% + N drtdz”) +02 dQ? (5.3)
z z Z ~—
AdSs 5°

5.1.1 “The Maldacena limit”

If we leave N, g5 fixed, but take the low energy limit o/ — 0, then the will have the two following
pictures depending on the brane perspectives:
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D-brane picture: There will be massless modes (seen from far away). We can separate the
action into
Stot = Sbrane + Sinterior + Sfaraway (54)

® Staraway Will be SUGRA on flat space (far away we don’t see branes, only gravitons, which
are closed string modes).

/
o As Sinterior < & , then Sinterior — 0.

e Sprane = —Tp3 / d*o+/— det(P[ga) + Fap) + fermions, which is the so-called DBI (Dirac-

Born-Infeld) action.
We will focus on the last one, the DBI action. The parameters involved in it are
e The brane tension T3 = [gs(27)3a/] L.
e The pullback of the metric P[gqy] = 0. XM XN garn.
e The total field strength F,;, = 2wa’ Fyp, + Byp (where By is the so-called Kalb-Ramond field).

The fermion part is also necessary, as we are working in the framework of SUSY.
What is the limit o/ — 0 in the brane action? It corresponds to

gun = RY, oF =Xt X*=0, Plgw)= 0w, DBaw=0

The brane action is therefore

Sprane = —Tp3 / d*zr/— det(8ap + 2T/ Fop) (5.5)

From linear algebra \/det(I + €M) =1+ 3e(Tr M) + €2 [5(Tr M)? — 1(Tr M?)]. The first term is
the trivial one, and Tr F' = 0, therefore

Strane = ~Tpa()?dr® [ darmer? = 2 [ atatmep? 5.6

brane = D3(a) 7 JJZ r = 27rg2 LUE r ( . )

This is the usual Yang-Mills action! If we had included the fermionic terms too, this would be the
action for Super Yang-Mills theory.

Conclusion: From the D-brane perspective, taking the limit o/ — 0 is equivalent to having
SUGRA in R + N =4 SYM on R%3.

Black-brane picture: Consider the black-brane metric, with the conformal factor already pulled
in front

52 L . B _ B 4
ds* = o) [H 1/2(z)nw,da:“da: + HY?(2)(d=? + z2dQ§)] = CPGyndMdz™; H(z) =1+ I
(5.7)
The Polyakov action for this metric is
& 2 ab M NA
Spol = Trod d“oV—hh®0, X" O, X" Gupn (5.8)
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Then: ,
% = %; 0t = 4rg,Na' (5.9)
For o/ =0 = ¢ = 0. For any finite z: the metric is AdS5XxS°: we have zoomed to the near horizon
region. But if we started with z = 0, then the metric is R1?.
Conclusion: From the black-brane perspective, taking the limit o/ — 0 is equivalent to having
SUGRA in R 4 String theory on AdSsxS®.
As both perspectives have to agree, both conclusions have to agree too. The strong form of the

AdS/CFT conjecture goes a bit beyond:
AdS/CFT conjecture (strong form)

N =4 SYM <= Type IIB String Theory on AdSsxS°.

But why do we have a string theory after zooming? The energy of the string excitations has
1/vVa’, so why doesn’t it blow up, having to dismiss strings at z finite? The key is in the redshift:

_ const B B 24\ T4 L. const
Ez = W’ EOO = Ezﬂ/go = EZ 1 + 674 ~ ;EZ ~ > (510)

An important feature of the holographic duality is then that both sides of the correspondence don’t
live in the same dimension.

| Figure 5.1: Pictorial representation of the conjec-

RY® ¥~ | N=4 Super Yang-Mills
ture

However, working in string theory is very hard.
In order to continue we will need more limits.

’t Hooft’s limit

As we saw in the previous chapter, 't Hooft’s limit involves taking simultaneously gs = g%, —
0, N — oo so that A = gs/NV remains fixed. This limit has different interpretations depending on
whether we focus on the boundary or the bulk:

Boundary Bulk
N =4 SYM at large N in the 't Hooft’s limit String theory at large N
A diagram: \F-V NV-E+F gs =0
Only planar diagrams contribute “Classical” string theory on AdSs

Table 5.2: Different perspectives of the 't Hooft limit

Here, by classical string theory we mean that as the genus tends to zero, loop diagrams are
suppressed, i.e. there is no genus expansion, just tree level string interactions.

46



The strong coupling limit

Now that we have fixed limits for g5, o/, something else we can consider is A — oo.

Boundary Bulk
Strong coupling Spol = \/g il 2oV h h9, XM, XN Gyn
No perturbation theory A — 00, string length—0
Mess! String theory — SUGRA on AdS;xS®

Table 5.3: Different perspectives of the strong coupling limit

This already shows the weak form of the AdS/CFT conjecture:
AdS/CFT conjecture (weak form)

Large N, large A\, N' =4 SYM <= Type IIB SUGRA on AdS;xS°®

Needless to say, the strong form of the conjecture includes the weak one as a limit. Mathemat-
ically, the statement of AdS/CFT is then

Zerr[J] = Zaasl] (5.11)

5.2 The AdS/CFT dictionary

Here is a summary of the most relevant (known) entries of the duality:

CFT AdS
O(zt) oz, 2)
A(A —d) m20?
Ty v
Ju A,
Sent Apin/AGN
Thermal States | Black Holes
---CFT -+ AdS

Table 5.4: AdS/CFT dictionary
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Lecture 6

Applications and examples of the
correspondence

We will now attempt to give some examples of tests of the correspondence, where we will find
exact matches between the quantities under study. Namely, we will first find the same results for
correlation functions of scalar fields, and we will later study black holes.

6.1 Correspondence between 1,2,3-point functions

The (Euclidean) partition function for any theory is
2] = / Dpe=S89)of d'2v=gJ(2)0() (6.1)
The n-point functions (correlators) are then computed as

o9 S 211 (6.2)

(O(x1)0(z2)... O(xy)) = §J(x1) 6J(x2) " 6. () J=0

In the vacuum of a CFT, 1,2 and 3-point functions are fixed by symmetry:

1

(O(z1)) =0, (O(21)O(x2)) = D

6.3
Ci23 (6:3)

T |z BB As g [ATFA A | Aot A5 A

(O(21)O(22)O(3))
We are going to reproduce the first two with AdS/CFT.

6.1.1 Scalar field action

Consider Euclidean Poincaré AdS, with £aq5 = 1. We will use coordinates z* = (tg,z%),u =1, ...,d
for the boundary, and #M = (z,2#), M = 1,...,d + 1 for the bulk. The action for a scalar field in

the bulk is then .

S = -3 /dd+1x\/§(8M<p8M<p + m2p) (6.4)
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The equations of motion are (V? — m?)¢ = 0, which we can expanded as
219, (27 0,0) + Op —m?p =0, (0= g¢"d,0,) (6.5)

The solutions as z — 0 go like

JIAPWAN
ol )~ DT (6.6)
Go(xh)z72 + ...
A particular solution is the bulk-boundary Green’s function:
. A
By ) —
KA(Z,JJ ) )_CA (Z2+(flfu—y“)2) (67)
which takes you from (z, z*) to y*. The complete solution is therefore
pleot) = [ dlyKalzotiy)on(s") (68)
bdy
It can be proven that
n\ _1: A—d m A d ¢0(yﬂ)
¢0(x ) - ;LI}%)Z 90(27:1: )7 ¢1(‘T ) - CA/d y(az“ — y#)gA (69)
Rewriting the action:
1
S = —3 /dda;dz 27220, 00,0 + 0" 0, + m2p)
1
=—— [ d%zdz [z_dH@Z 0.0 — 2~ (pd D0 + m? ]
5 / p0.p (00" Oup ) (6.10)
1 1
=3 /dd:cdz [—82(,2*“1@8290) - z*d*1(¢aﬂau¢ + m%))} — 2/ . dxz" 0o,
z—
e.o.m. term boundary term

Assuming that the equations of motion are satisfied, the only term remaining is the boundary one.
If we plug in (6.9), we find

1

So=— [t [dona)one) + (- M) (6.11)
z—0

The second term is dangerous (it might blow up). To get rid of it, we need to add counterterms.
Specifically,

1
Set = =(d — A)z_d/ dx @2(2, xt) (6.12)
2 bdy
The total action then becomes
d—2A
Sun = S0+ 5 = 22 [t (e o) (613)
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This is, however, non-local (¢; contains an integral over position y). We can now check the 1-point
function:

08

o) = = o>

-0 S () b1

Not surprisingly, we find the correct expression fixed by symmetry of the CFT. What about the
2-point function?

(d— 2A ") d—2A
Sior = /dd /dd d>c;f_<§2§ Qole)00W) _ 1oy o(at)) = ... = oS (6.15)

_ (d-21)
2

¢1(=f) =0 (6.14)
¢1=0

The correct 3-point function can also be obtained, although we will not check it.

One might think that it is just simpler to check Zcpr[J] = Zags[J], however they are just
numbers. This is true for the parition function on S¢ or R%, but it will not be on more complicated
manifolds. We will see this now by considering S' x S¢~1

6.2 Black Holes in AdS;/CFT,

We are going to focus on the AdS3/CFTy case, as it is the simplest. The CFT side is then
Zg;ésl . The AdS side is given by the euclidean path integral (whose classical approximation
is

Zpgs[J = 0] = /[Dg] e SE(9) ~y e~ Son—shei(90) (6.16)

where gg is a solution to Einstein’s equations. Now, the action does have three contributions: the
usual Einstein-Hilbert action Sgp, the so-called Gibbons-Hawking term (which accounts for the
boundary terms from Sgy, in order to recover Einstein’s equations after integrating by parts on a
manifold with boundary), Sgy, and the counterterm part Sey:

S = Sgg + Scu + Set = — / V—g(R —2A) —

167rGN VhE + " Vh(h) (6.17)

87TGN OM

This deserves some explanation: our manifold in consideration is M with metric g,,,, which will be
bounded in the radial coordinate, € [rg, mag]. This boundary is OM, with induced metric Ay, .
K is the extrinsic curvature of the hypersurface 9M, computed through

K ="K, = h"V,n, (6.18)

where n is an inward pointing unit normal vector to OM.
Later we will take 7,4, — oo (as we are interested in the black hole case, the interesting
boundary is 7 ), for this reason there will be divergences, regulated with suitable functions f(h).
We will be seeking solutions to the Einstein’s equations with the right boundary conditions:

e J=0

° dszbdy = dtzE + dp? with periodicities tg ~t+ 3, @ ~ @ + 2.
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Solution 1: Thermal AdS

The first solution we consider is

2 2 -1
ds? = <22 + 1) 2, + (22 + 1> dr? + r2dy? (6.19)

This is basically Figure 6.1. We don’t have problems such as closed timelike curves, as it’s in

Euclidean signature.

panio

Figure 6.1: Topology of thermal AdS

Solution 2: BTZ black hole

Another solution is

2 2

EQ

2dr?

2

> + r2dp? (6.20)
re — TH

ds® =

i, +

To relate it to the usual metric in terms of mass, 8GyM = T%I /0?. Let’s now list the quantities
derived from this metric we will be using later on.

e It’s three dimensional, therefore A = —1/¢2.

e The Ricci scalar is R = —6/¢2

. . . 2
e The (normalized) inward normal vector at rpmqqy is 1y, = — 7“267_#&
max H

e The induced metric at 7,4 1S

2 Toaz —TH 2 2 2 Toas = T

ds® = hy,datdz” = %d@ + 72,040 Vh = Tae % (6.21)

.. . r2—=2r2 . 1

e The extrinsic curvature is found to be K = -4, 5 =
Tmax Tmaz~TH
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We can now compute the value of the on-shell action. We compute first the Einstein-Hilbert
and Gibbons-Hawking terms:

2 ’I‘max 1 B 27 7”2 o 27‘2
d d = d d maxw
167rGN / i / 4 / ( e2> 871G /0 T, TmerT ey

2775 <T3mzx TH) 277'5 TH B 2Tmax _ SBTZnam 571}2'-1

T AnG L2 8TG N 02 T AGNP?  2G NP2

Sk =
(6.22)

2 2

The first term will diverge as 7,4 — 00, therefore we need a counterterm to annihilate it. But
what is f(h)? It has to be a diffeomorphism invariant of the boundary metric, i.e.

f(h) =Cy + CoRy + C3R: + ... (6.23)

where Rp, is the Ricci tensor of the boundary metric. It turns out that for this specific case only
the first term is needed. Therefore,

2rBCy (v r2
ct = h = me _ =& 1 max 24
Set = C) BM\F G ( ; -+ O/ rma) (6.24)

Imposing that it cancels the divergence implies C; = —3/¢. The full action is then

2
BTH

§=5p+ 54 =55l

(6.25)

Therefore, by the AdS/CFT duality, Zopr = Zads = exp {%}

Now, we are going to seek a relation between 8 and rp. The easiest way to achieve this is
by imposing regularity in the Euclidean signature (this is the standard procedure to bypass the
explicit computation carried out by Hawking, much more complicated). We begin with the metric
ds® = f(r)dt3, + f(r)~'dr? + r?>dQ2_,. Zooming in to the horizon (r — = + r3,) and then doing a
change of variables one can see that the polar coordinates metric appears, with o< tg as the angular
variable, hence the wanted relation can be read off.

This procedure, in our case, yields

47l? 2702 2ml?

o) ra E (6:20)
This, together with a classic result from AdS3 (Brown & Henneaux, 1986) relating the central
charge to the AdS radius, ¢ = 4G , allows us to write the previous partition function as

472 pet w202 n2lc
ZCFT_GXP{SG]VW}_exp{zGNﬁ}_eXp{35} (627)

The boundary metric of our spacetime is ds2bdy = dt% /02 + dp?, so we should redefine tg = tpl
such that the Euclidean boundary (where the CFT is defined) is just polar coordinates. This in
turn implies a redefinition 8 = B¢, hence

c 4m?
ZCFT = ZBTZ = exp { 12 } (628)

!
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If we had followed this same procedure with Thermal AdS, we would have instead found

C ~
ZTAdS = €xp {Eﬁ} (6.29)
There are apparently two valid solutions. But which one minimizes the free energy?
c 4m?
1 FBTZ =15 =
Feo-tiogz = 127 (6.30)
b Frads =-75

We can see there’s a phase transition at 3 = 27. This is called the Hawking-Page phase transition:

F(B) T=1/2n T=1/B

-C TAdS
12

BTZ

Figure 6.2: Hawking-Page phase transition from Thermal AdS to BTZ.

It is a first order phase transition (the first derivative is already discontinuous). The entropy is
found to be

g _ E47r2
S=(1-p9x)log2=4""7" "6 j (6.31)
Staqas =0

If we check the usual Bekenstein-Hawking formula for the entropy of a black hole, we find an exact

match!

A 2mrg Ag? ¢ c 4m?

S — — = - - 6.32
4Gy  AGN B 4Gy 6 B ( )
The energy of each solution is
c 4m?
Eprz =-5—=
(E) = —0log Z = 12Cﬂ (6.33)
Erags = BT

The entropy can be rewritten as a function of the energy through the Cardy formula:

S(E) = 27r\/§7E (6.34)

Not long before AdS/CFT was formulated, Strominger & Vafa studied a configuration of Ny
D1-branes and Ny D5-branes corresponding to extremal black holes in 5d. They found the exact
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number of microstates of a black hole through a seemingly string-theoretical calculation. But it
turns out that they were using, without knowing it, AdS/CFT (as the black hole has a near-horizon
AdS geometry).

6.2.1 Modular transformations and 2d CFT’s

The partition function for a quantum system, at temperature T'= 1/f is given by

Z(B) = Tre P = Ty glo—s1 glo—a (6.35)
If we consider the conformal boundary of thermal AdSs, as we saw in the first chapter it is topo-
logically a cylinder, with height 8 as we are in the thermal case. The partition function for this
geometry, due to the trace, corresponds to an identification in the time direction, hence what the
topology we are dealing with is that of a torus. From the point of view of the 2d CFT, this is
viewed as the complex plane tg, ¢ with identifications tp ~ tg + 3, ¢ ~ ¢ + 2w. However, notice
that we find the exact same torus if we consider the identifications tg ~ tg + 27, ¢ ~ ¢ + 5.

A

2n

te

[ 2n (0] B

Figure 6.3: Fundamental domain in the complex plane, where the sides have been identified as
tg ~tg+ 58, o ~ ¢+ 2r (left) and tg ~ tg + 27, p ~ ¢ + B (right)

Notice that we can now rescale the whole complex plane defined by those coordinates, in par-
ticular we will multiply each axis by 27/8. This implies that we’re back to the initial situation
(identification) in the ¢ axis, but the tg axis is now identified as tg ~ tg + 472/3. But as we said,
the two tori were the same, and both axis were rescaled in the same fashion, hence we have

2
2(8) =2 (“) (6.36)
g
This phenomenon is called modular invariance, and it is the reason for the behaviour previously
found for Thermal AdS and the BTZ black hole. They are then called modular images of each
other, as indeed their boundary topologies are the same, the only difference is the change time <>
space.
This allows us to relate two different situations, low and high temperature:
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1. Low temperature, § >> 1
2(8) = e (14 p(An)e ™2 4. ~ efaf (6.37)
2. High temperature, 5 << 1

2(p)=2 (4”2> =5 (14 p(An)e ™ 4. ) m el 5 (6.38)

Now, let’s focus on the § — 0 case. The density of states at a given energy is

() = / d8 ePE 2(8) = / 4B ePE T (6.39)
In the saddle point approximation, we are interested in
2 (sm ) =0 (6.40)
which is solved by * = gQEC, hence
p(E) =~ eB*Ee%f% = 2™V5E (6.41)

From statistical physics we know that the entropy is obtained as the logarithm of the number of

microstates,
S(E) = 2, /§E (6.42)

We have therefore found the acclaimed Cardy Formula! In 1998 Strominger found, using AdS/CFT
the exact agreement between this and the entropy of the BTZ black hole.
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6.3 Exercises (Lectures 5 & 6)

For these exercises, we set £ = 1.

Problem 1: The constant Cx

We saw in class that a solution to the Klein-Gordon equation with arbitrary boundary conditions
for the source term ¢g(y*) is

oz, ") = /b iy Ra(ea ),
ry

where the bulk to boundary propagator K is given by

A
TS c

The goal of this exercise is to show that

_ I'(A)
T TdPT(A —dj2)

Ca

To do this, we will match the source term. We will demand

lim Z270(z, ") = go(2").

Since it is only a normalization, you should do this for constant sources

Po(z") = ¢o

To obtain Ca, do the y integrals in the expression for ¢. Mathematica will be your friend.
Hint: do the integral in polar coordinates.

Problem 2: Counter-terms for scalars

We saw in class that the action for the scalar field is

1

So=—3 /b . (A0 on () + (d = M)aiat)= 2 4 )

The second term can be divergent and must be regularized by a counter-term. Try the counter-term
Set = az_d/ dd$¢2(2a ),
bdry

and determine the value of « such that the problematic term disappears. Write down the remaining
action Sy + Sgt.

Imagine you wanted to get rid of other divergences hiding in the ..., what type of other local
counter-terms could you add?
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Problem 3: Black Hole Thermodynamics
Consider the (Euclidean) five-dimensional AdS-Schwarzschild black hole

dr? M

ds® = f(r)dt% + 7]0(7“) + r2d02, f(ry=1+r%— )

Repeat the process done in class for the BTZ black hole for the black hole above. Compute its

on-shell action using the Gibbons-Hawking term as well as counter-terms. The counter-term story
is more complicated in five dimensions. You need to add

Sct:a/ d* /7 + B, .

Figure out what I3 is. Remember it has to be made by local data on the boundary, namely it has
to be made from the induced metric. It also has to be a scalar. By tuning « and (3, cancel all
divergences for the action (Do not forget the cosmological constant in the action!!). Compute the
free energy. Also compute the entropy using

S=(1-p0)logZ,

and check that it matches the Bekenstein-Hawking formula.
Proceed in a similar fashion for Thermal AdSs with metric

dr?

ds? = (r* + 1)dt3;, + T+ r2dQ3

r2 +
Compare the two free energies and determines the value of the temperature where the Hawking-Page
phase transition occurs.

Hint: Throughout this problem, you will need to find the horizon radius 7, where f(r) vanishes.
This is related to the temperature through a formula seen in class, but there are multiple branches
of solutions. Always consider the larger black holes, the small ones are interesting as well but not
the topic of this class, they are much more confusing.
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Lecture 7

Renormalization group flows and
Holography

In this chapter we will study the holographic meaning of the renormalization group flows from the
CFT. Essentially we want to understand the role of the bulk’s radial coordinate in the boundary
CFT, and this will be linked to the length scale of some QFT.

CFT

Figure 7.1: In what follows we will explore the foliation of AdS in QFT’s, one at each value of r.

In order to perform this study we will begin with a recap of important notions in the renormal-
ization scheme, followed by the holographic view of the flow, and finally we will show it explicitly
with an example, a mass deformation of N’ =4 SYM.

7.1 Renormalization group in QFT

A useful way to think about particular QFT’s is as points in the space of all possible QFT’s, an
infinite dimensional (finite in the case of renormalizable theories) space that can be parametrized
by the values of the coupling constants appearing in the Lagrangian. For example:

L= —% Tr F, F* + %(aﬂgb)(a“qb) + (other fields) + (interactions) (7.1)

49y 1
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This is just a special case of

L=Y )O' (7.2)
I

where A\; = {gy s, ...} are the couplings and O = {Tr F2, (0¢)?,...} are the operators. A picture
of Mqgpr, the space of QFT’s can be done using “coordinates” {Ar}.

At the quantum level, we know that the coupling

Mo constants can run (flow). This flow is character-
ized by the S-functions: for every A7, 81 = p 0, s,
where p is the scale of the RG-flow (a parameter
of the curve A\;(u) along the flow), and S5 is a
vector field on Mgpr, which can be thought of
as a geometric flow on the space of QFT’s.

Figure 7.2: Theories in QFT space.

Figure 7.3: Different RG-flows on the QFT space.

The “sinks” of the flow (also called fixed points)
are the points in this space where the beta func-
tion vanishes; f;y = 0, and correspond to CFT’s,
as nothing depends on the scale u. For instance,

in CFT’s T#, = 0, and one can show T, ~ BIAL.

We can study QFT’s as deformations of CFT’s:

£QFT = LcpT + Z )\CIlefOI (7.3)
I

A simple example of this is a mass deformation, 1/2m?@?, which breaks conformal invariance,
triggering a flow.

Depending on their scaling dimension, there are three “types” of operators (equivalently, of
coupling constants). It’s important to notice that they are exchanged in the IR:

[O] < d, relevant
Ar: 4 [0] =d, marginal
O] > d, irrelevant

where d is the dimension of the spacetime. It is easy to then see that the mass deformation example
is an relevant operator, as [0] = 1 < 4, meaning that m? becomes increasingly important at low
energies. From the point of view of the space of QFT’s, relevant deformations bring the theory back
to a CFT, whereas irrelevant deformations move the theory away from it. Marginal deformations
do neither of these, and define “conformal manifolds”.
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It is generally believed that RG-flows are not reversible, because they integrate out degrees of
freedom. In two dimensions, it can be proven rigorously. This implies that (i.e.) two different,
inequivalent initial points in QFT space might flow to the same CFT, hence we can not reverse it.
Those two QFT’s would then be said to fall in the same universality class.

c-Theorems

The above is summarized in the so-called “c-theorems”. Some important examples are

1. Two dimensions: recall that in 2d CFT, the trace anomaly reads T", = — {5 R.

Zamolodchikov’s c-theorem:

If there exists a 2d CFTr and a 2d CFTyy, connected by an RG-flow, then
crr < cyy. Hence, ¢ is a function that counts degrees of freedom.

2. Four dimensions: in 4d CFT, the trace anomaly has two terms: T+, = aF4 — cWil,pa, where
a is in 4d the central charge (it is misleading, indeed), E4 is the Euler characteristic of the

manifold (My, g), ¢ is another anomaly coefficient, and W,,,,» is the Weyl tensor.

Cardy @ Komargodski-Schwimmer’s a-theorem:

If there exists a 4d CFT;r and a 4d CFTyy, connected by an RG-flow, then
arr < ayy. Hence, a is a function that counts degrees of freedom.

3. The case for odd dimensions: Nevertheless, for three dimensions it was proven by Casini,
Huerta and Myers that there is an F-theorem, analogous to the ones above, with the free
energy of the theory on S3, Fgs = —% log Z43 being the degree of freedom counting function.

A very well studied example of RG-flow in 4d, which we will derive from holography in the next
section, is a mass deformation N/ = 4 SYM. This model “breaks 3/4 of supersymmetry”, and
arr = 2apy.

7.2 Holographic view of RG-flows

Back to the subject under study: what is the holographic dual of an RG-flow? The claim is, if p
is the renormalization scale between two CFT’s, then it is dual to 1/z, with z the Poincaré radial
coordinate.

Recall that z = 0 corresponds to the boundary of AdS, and z = oo corresponds to far in the
interior. If we consider CFTy, a scaling corresponds to & — a,t — at, hence £ — éE This
along with d52Ads being invariant under z — az, is a mild justification of why yu — %u has the same
scaling as 1/z.
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Figure 7.4: Pictorial argument for the

| scaling
-

z=o L The more information we need to know
- about the CFT, the more we need to
Geodesic areas CF'g know about the AdS space.
=

We can also see that each slice of AdS defines a QFT at scale pu.

D B Figure 7.5: Slices of the RG-flow

From the point of view of the CF'T, the spacetime
S slices are generated just as slices of the RG-flow.

In the case of AAS/CFT, as AdS is conformally invariant, the flow is trivial, in the sense that
it stays in the same place, meaning that all the QFT slices are just N' =4 SYM. As we reviewed in
the first chapter, we want to allow for deformations of the AdS interior, which in the context of the
holographic renormalization translates into a flow from two AdS regions through a not-exactly-AdS
one.

But, how do we trigger flows in AdS/CFT? We need to consider the setting:

Supergravity on AdSs x 5% & N =4 SYM within planar and ’t Hooft limit

Upon reducing on S°, one gets a bunch of scalar fields from (gasn, barn, ®), M, N = 0,...,9. This
is called 5d N' = 8. It is a mess, so we are going to study a toy model:

5= [ @ g (R - 0,006 2V () (7.4

(this is basically keeping one scalar out of the 42 given by the above configuration). V' (¢) is some
potential with many stationary points {¢x}:

ov
— =0 7.5
0 Pk 79
Consider expanding it around a critical point:
1 1
V(¢r) = const + §m2¢% + ?bqﬁ% + .. (7.6)
where we set const = A = —d(d — 1) /¢%, as we want the case of ¢, = 0 to correspond to pure AdS.

We must respect the BF bound, —d?/4 < m2¢%2 < 0. The stationary point is a local maximum for
this range. According to AdS/CFT, scalars with masses in this range are dual to operators Ox,

with dimension )
A= 5(d +Vd2+m2?) <d (7.7)
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therefore we discover that Oa is a relevant operator! (or at most, marginal). Now recall that a
scalar in AdS is given by

(2, 2) = 2972 (do(x) + ...) + 22 (Pon_q(z) + ...) (7.8)

Indeed, plugging in the expression for ¢(x, z) into S, and performing the holographic renormal-
ization, the Lagrangian is
LqorT = LcrT + 000 (7.9)

where ¢gOa is therefore a relevant deformation. This already shows us that RG-flows are triggered
in AdS/CFT by introducing scalar fields in AdS with non-normalizable (¢g) modes.

Let us continue. We are interested in asymptotically AdS solutions with scalars turned on. We
will use the following ansatz:

ds* = eQA(T)éijd:Eidxj +dr?, ¢ =¢(r) (7.10)

where r = —{log(z/¢). Assuming that V has at least two critical points, V(¢x) = —d(d—1)/¢2 < 0,
Vi) ¢ b, ¢

Figure 7.6: Critical points of the assumed poten-
tial

As we can see, there are two critical points, the

Uv UV one with m2(? < 0, and the IR one with
m2¢2 < 0. The two critical points corresponds
to two AdS spaces, with different AdS radii

Plugging the ansatz for ¢ and the metric, the equations of motion imply become

"2 1 1t _8V " o__ (¢/)2
(@ =2V(@)), ¢ +Agd=r, A'=— 0

1

(4 = d(d—1)

<0 (7.11)

Around a critical point ¢ = ¢y, A(r) = é (where ¢ is the value of £ at ¢y) satisfies the equations

of motion. Plugging it back in the metric ansatz,
2 2/62 522 2 g% 2 2
ds? ~ " /id® + dr® = K (d7? + d2?) (7.12)
z

which is indeed AdS, as we expected! The situation, then, is the following:

J
B \_/"’ e Figure 7.7: Holographic flow from CFT’s
e 7_7_7/,/’_‘% ¢o sources an operator Oa, which implies that
7 along the RG-flow we don’t find AV = 4 SYM, as
S S | it is not “perfect” AdS anymore.
CFT|R . Tl N
CFTy (z=0)
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Away from AdS, we can still define

T 1 7w 3A"(r)

a(r) = 8Gs A () =d(r) = “8Gs At >0

monotonically decreasing in z! We have proven the a-theorem with holography.

7.3 Mass deformation of N' =4 SYM: Example

(7.13)

We have played enough with the toy model. The real one does contain A, Xa, P75, where @7

contains (6 real) 3 complex scalars @1, P9, 3. The deformation we consider is

1
L= Lr=4+ §m2|<1>3]2 + (N =1 completion)

(7.14)

This model breaks the A/ = 4 conformal invariance, but just so slightly that the A/ = 1 completion

allows to still keep supersymmetry.

To understand the RG-flow triggered by Oa—s = |®3|%, we need to find supergravity scalars

dual to Oa. In this scenario, the dictionary has been found to be

SUGRA scalar | m?2¢? @ SUM@4)r | A =2+ Vd+m2?
) 0 Tr F A xF 1 4
Coo) 0 TrFAF 1 4
»1 -3 Tr A(gAp) 10 3
?1 -3 Tr AgAp) 10 3
(g‘:) 4 | Tr®;®; — £6;; Tr &Py, 20 2

Table 7.1: AdS;/CFT, dictionary

The bosonic part of 5d ' =8 SUGRA (type IIB reduced on S°) is

1
S = /d%\/g <R — §|a,ﬁ<1>’|2 — 2V (o) + ) , I=1,..

Because of SUSY,

411 /0VN* 1 [/aV\* 4
n_ =1 (YV - [ YY T2
V(¢)_z2 2<6a> +2<ax> +3W]
where .
2= 17 (cosh(2x)(p° —2) = (3p° +2)), p=e**
The equations of motion can be written as:
1 ,0W 10W 2
/ 2 / /
P=%2" 8, X~ 7oy 3¢

The fixed points of the RG-flow occur at g—‘; = g—g = 0, with solution:
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(7.15)

(7.16)

(7.17)

(7.18)



a) x=0,a=0
b) x = £log3'/?, a = log2!/6
In the fixed points,

5/3 _
M= dl = al=2r = a) = (719)

The central charge in this setting is a = %, therefore

3
ayv luv 1 > 27
arg ( UR > (E 32 (7.20)
which is the result we showed before.
This is a good test of the AdS/CFT conjecture away from the conformal case, as it describes

the whole flow holographically. We’ve seen it for this model but it has also been shown for other
ones.
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Lecture 8

Other well-established dictionaries of
AdS/CFT

8.1 Brane engineering

The basic idea in this section can be summarized as: take D-branes (or M-branes), stack them,
and backreact on the geometry (Figure 8.1).

A\

R®=C(S?)

N D3-branes

Figure 8.1: Stack of N D3-branes, with transversal R® directions.

What is the physical interpretation of this setting? It is well known that one can engineer
quantum field theories by suitably stacking branes on top of each other. There will be some spatial
directions not filled with them, which will provide us with extra degrees of freedom.

With this in mind, let’s now recall N' = 4 Super Yang-Mills: it was a 4d quantum field theory
(which can be realized with the use of D3-branes), with 6 scalar degrees of freedom (corresponding
to through transversal spatial dimensions), which can be internally rotated through the SO(6)
R-symmetry (corresponding to the SO(6) rotational symmetry of the transverse space), etc...

Now, the ambient space is 10-dimensional (or 11 if within M-theory framework) flat spacetime,
therefore the transverse directions have to be locally flat too. One way to view this is as a conical
geometry, which is locally flat too.
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Conical geometries: If one has a manifold My, a cone can be defined as C(My) =
R4 x My. The local geometry is

ds2C(M) = dr? 4 r?ds%, (8.1)

For example, polar coordinates in the plane can be seen as a cone of S*.

Upon backreaction, the near-horizon region of the
branes looks like

dS%Od = dS%deS + dS.%\/IS (82)

Figure 8.2: Stack of branes backreacting
To have at least N/ = 1 SUSY in 4d, the manifold
M5 needs to be a special kind of manifold: Sasaki-
Einstein < C'(M5) is a Calabi-Yau threefold. N D3-branes

Einstein manifolds: A manifold is said to be of Einstein type if its Ricci tensor is pro-
portional to the metric tensor,
Ry = kg (8.3)

where k is the proportionality constant. They are called like that because they are solutions
to the vacuum field equations.

Calabi-Yau manifolds: A complex manifold is said to be of Calabi-Yau type if it is a
compact Kéhler manifold (meaning that it has complex structure, Riemannian structure and
symplectic structure equipped), with vanishing first Chern class, and a Ricci-flat metric. The
extra dimensions in superstring theory are conjectured to take this form.

WTF
In M-theory, there are M2-branes. If we make them backreact,

<= AdS; x S7.
w
o
% >
7 R®=C(S’) In 3d supersymmetry with A/ supercharges, the
R-symmetry is SU(N).
N M2-branes

The corresponding field theory was found with AdS/CFT, and it is called ABJM theory [11],
which has Chern-Simons SU(N); xSU(NN)_; terms. The same game can be played with the M5-

branes and what theory does it correspond to?.

Let us summarize the state-of-the-art of this landscape of theories. First the ones “on a solid

footing”:
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CFT,

Brane/transverse space

SUGRA solution

“tests”

4d N =4 SYM
4d N =1 quiver
gauge theories

3d N = 8 ABJM CS
3d N =3 CS
6d (2,0) Ay
6d (1,0)
5d N =1 Sp(N)w,

N D3/RS
N D3/C(SEs)
N M2/R®
N M2/C(SEr)
N M5/R5
N M5/(R3/T)
N D4,D8,05

IIB: AdS;5 x S°
IIB: AdSs x SEs
M: AdS; x S7
M: AdS, x SFE;
M: AdS7 x §*
M: AdS7 x (S4/I)
ITA: AdSg x S4

too many to list

central charges, RG-flows,...

free energies, Wilson loops,
anomalous dimensions,...

free energies, Wilson loops,...
anomalies
anomalies

free energies, flows,...

Table 8.1: Correspondences on a solid footing:

8.2 Embedding AdS and black holes

One way to make progress in understanding AdS, is by embedding it in a higher-dimensional

example of AdS;.1/CFT,. For example, if we consider 4d SUGRA

CFT,
AAdS,  (S'xS?)

Figure 8.3: Black hole embedded in a higher dimensional AdS

A
— 3 = S = log 2 = log ZoTs (8.4)
4Gy
A black hole solution in AdS, with U(1)* gauged symmetry, N'= 8 SUSY:
1\? 1\ 2
dsj = —"® <r - > di* e K <r - > dr? + 2e7K®)12402 (8.5)
r r
where K (®) is some function, ® = ®(r), A, = A,(r). Its entropy is given by
Sen = - = _Lne2 g e )24: nr (8.6)
Gy =3 Pl 2 |
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In a “completely unrelated” setting...

du; du; L U U
i i 1 _ _“ 1 _
ara 1 ( U) ( ﬂj)
(8.7)

2= e T &
StxS )2 2miu; 2mit; 11
i#]
m;—mj—nyr+1
NI ()
Uy

=5 I=1,2

In the large N limit, ZABJ g2 will become Spg when taken the logarithm. One can show that for
any 3d N =2 SCFT on S X ¥g>1 exists an AdSy black hole with AdSy x ¥, near horizon region.
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